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2 Q a. 
: . | | i] 
: a : | : | ¢ ob epeme 1h wits iF ‘ Meares ne eae . . - ' | : ' | “ = : ; = 
3 ei ; ee ; - : - 
3 tho distance of the particle from the fixed. point O-does nut change 1H . Thus PO is parallel to the vector ix OM and de — 
ie jn the. two positions P'and © before and after the’ displacement, fe | : mo, w 
‘ Thus in the case.of pure rotation, we have OP =OQ In length but ty | | PO j= (2 tan 40) [3 x: OM i - | E 
F ‘their directhonsfare generally different, a me | Therefore by «the definition of the’ multiplication of t qvector No = 
; If both, the displacements translation and rotation take piece i , a scalar, we have ne. . a a 
simultaneous we call it age eral dis lacement of the particld’ or ‘oh — any 
;  wetne beay, eerie ae | 3 | PO =(2 tan 40) mone tan 441) OF. | me. 4 
: | G4. Rotation of a rigid body xbout’s point. mg et Thus if'q is the displaceinont of the particle from P to Q due 3 | 
: ’ +t to this rotation of the rigid body, we have . , 
lees Suppose.a rigid ‘body ‘rotates’ about : Q i , ; 43 
fr = Q fixed | point’ ‘0. On. accotint of: this > nie q=sPO=exh, where ; | . 
al . rotation suppose” a particle {s: displaced ARS =i P 
«| 9 : Vy ‘ ~ : ‘ 
18 eae sacar Orwhere ‘ | , E e=(2 tangb0) | and nm Obra) (rer). 0 hae ee 
W| 2 ake . The vector ¢ is called the finite rotation about O which Stings.” : —- ; 
il 2 OPat and. mr, / Be he particle trom r tor’, the direction of the-vector ¢ Is called the a 
3 Since the. displagement of the par- Ae xis of rotation and Dis called the angle of rotation. | 7 
i= ticle is that of rotation only about O, Be | 
TLS therefore: * | When the rotation is small, Q tends to ? fe, f tends. (of, a, = 
17 : athe j ’ : . : ' : oom 
12 . the Goigth OP=sihe length’ 00. : He ind et we. have. 7 - 7 - 4 e 
iy Let Me ibe the riddle point of PQy gsothat = Te hang (rhe mh rdec)er . - ote be S 
ilo ; aie aR wich leads to ae a oo es ! ae = 
4) OM reer’ )e ilk. e ' H ae SS 
:| : = 4 ( if pGRECR I, . “ae a, fe 3) 
et  ‘Drawa line OX, through O, perpendicular to PO and let | ms ; pS y 
| be n-unit vector in the direction OX. Also let VW be the foot’ of e Remark. Itcan be ensily seen that the displacement about.a, | ; * + 4 = 
5 the perpendicular from Af to OX, i point is sea cites ou | ae eA ee that any | _ = 
|S | Since OP = OQ and M is the middle point of PO, therefore te displnceinent of a rig ody can he reduced tovay (rans ution tos i 2 
1s from tha AOPQ we observe that PQ is perpendicular to OM: i ene | 7 | z 
t yee 
= ‘Chus PQ, being perpendicular to OM and ‘ON both, is per- ihe § 5. Position vector of a point, after o general displagement: | 
a pendicular to the plane OMN, Consequently PQ is perpendicular j ; Let r be thes position vector, ofa point P referred (oO some Ct [ 
2 to MN. because MN lies. in the plane OALN, Thus VA: is the per- i ‘origin O. Il’ thevparticle is displaced from? to Q by giving only .- 
a pendicular lsisector of PQ and'so we have - fie a displacement win the diréctinn of OF (iie., translation), | then . , 
ic NP&NQ, ; Ae | eee : ! : 
| 5 If LPNQRS, then LPNM= 2 MNQO=AO, ° 5 Ly POr mU, a ach : 7 3 
ANG Also if P is displaced to. Q by giving’ only sy rotation’ ‘ec fibout Jo” ! 
~The vector. PO is porpendicular: to the ol land OM which “He OO, ‘then | | | at 7 
impli ies that FO ig paraltel to-the vector-t KOM, : ‘a ' PO=ex) (refer) . | ee | ; : 
an erand t’ are the position. vectors of Ps spectively, | 7: 
Also | PO j= PQ= =2PMe2NM tan MY; ie where ran re the position. vectors of P and’-Q' re 0 clivels 7 as , 
a Now if the partite is - lteoinees from Pio Q by giving both . a . ‘ 
O MON 2|1x OM ftan 46. Ali i : 
=2.(OM sin £ ) tan. ar Migs he displacements translution ul and Trointlon e simultaneously, . _ «fl | 
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6 - 4 | Virtual Work 
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“the total: work: dones=R. dq 7 
; : = (71-2)— — 4k)« (41-4-2)—2k) 
== 28-44 8= 41) pnits of work. 

“$8, Work done by” a ouple during a shall displace ment, 

_ Let the two: forces: FE. paw —Facting on a Tigid ‘body at the 
poiats whose: position’. vegtors are. ty and rz, ‘be equivalent to a 
couple. of moment G; then 
Gar XF+nx(— SF) ast (4) o= 9) & ce 

Suppose the body undergoes a simall displacement consisting 
of a uniform ‘translation u and a small rotation e. Then 

drjmutexr 
and . deazeuteX ty. (Refer § 5] 
iM ‘the work ‘done by the couple - 

2 oe = Fedlty-(—F): edt’ oh 

- mo Fe (it-be X.03)-+(~F)+(a4- ee 

"wea Be (8K Hy) a= Fe (eX 19) 
aaee(Ty XF)—e+(r2 x F), by-a property. of scalar 
triple product 
cage (¥)—ro) XFaee-G, . 
which’ is independent of the translation aud depends Upon rotation 
only. . 

§9,. Work done by a system es forces during a small displace: 

ment, 

Let a ee of forces Fy, 2,..., Fn act at the points of a rigid 
body whose 'position’ vectors with respect. to some origin O are 
T1, Tajoey Bn TESPectively, . Suppose this system of forces’ is equiva- 
lént to -a single force R acting at O, together with a couple of mo- 


ment G. Then: 


R= 3 F; and G= * tpX Fn ent) 


p=1 ee | 


é 


If the body undergoes. a small displacement consisting of a 
uniform translation u and a sroall rotation e about O, then for 
a typical particle displaced. from r,tor,+dr,, the general dise 
‘ placement dr, is given by . 

‘ dr praute XP, esa (2) 
*, the-work done by the es of ‘forces during this small 


displacement | 


n 
= » F,ede 


. ? 

< Syaeea sie, eum ae at 
ees a aay: > 
' RRA Pe Cee PLS Ce: sseatenihoasahaasisablasaes Manteahicaisec PPT HCl wat 


of nD 
nn 7 > 7 ; ‘ ° & 
Virtwal Work ot ca : ; = 
: | oe | | : 
= Eb (ukext): Bay (20). * 
Be e ai : 
we - . f i “a 
ae id, amt ce a re Fy,.' as uande a constant 
peal : pa ‘ o A 


body acted upon by'a systen of coplanar. forces be in equilibrium is’ 
thatthe algebraic sum of the virtual works done by the forcés during 


taitieey ds TY 
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vectors 
= ue RperG, by (1); 
§ 10,° Virt al. displacement aod Virtual Work; ; 


(Me rut.73,' nay _& = 
If a number ‘of forces - act on a body. bd displ ce it, these ©. 
forces do some work actually, ‘But ifthe forces are ine uilibeitum, 
then they do not displace their points of application. an ‘go there 
js actually no work done b:' these forces. However, if} :we imag 
ine that the forses in equilibtiuch undergo some sma}! displate- 


ment aod ‘fnd jout the work done. by, the forces during. that 


displacement, then:such a displacement is Called yirtual displace- 5 
ment and such aj work is called yirtual'work.” | 6, ; 


§ 11. The ‘orinciple of virtual “work, _ 
The necessary and sufficteni conditlon that .a@ particle.or.a rigid 


“any small displacement consistent with the geometrical conditions’ of 
the sysiam ts zero tothe first.degree of approximation. | 

(Meerut 80, 81, 82, 83, 84, 85P, 855,.89,: BoP, 00, HOR: 

Licksow 75, 16; Allahabad 75, °78: Kanpur 76, 78, 79, 


80, 81, 82, 83, 87, 88; Jlwall 84;.Gorakhpur 799 82; 
Rohilkhand ‘79, 80; 83,: 86, 89) 


Proof, Leta, system of forces’ Ficeaig ‘Fyactat the points 
of a tigid:body whose position vectors with, tespect to'some origin 
‘Olare tyes, Tre = Suppose this system of forces is equivatent toa 
single force R= Z Fy, acting at O, together with a couple | of mom: 
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ent G=Jr,;xF,.. Then during any sraall displacement: of ths | ~ : i 
bods: Svea of a uniform translation .u and a. small. rotation | i . @ 3 i 
e about O, sum of the ¥ orks done: by these forces, | | iN 
oS) Fyedry= Fis(upext) - as : bf 
=e) Fy bos LyX Fy : : | -. . : _t 
=urR+erG, * <a l | : : Sh 

The condition{is necessary, Suppose the. given systen: of fore. _ 4 

ces iain equilibrium. Then. R= 0 and GeQ. Therfore, from 1). | A 

the sum, of the. works dote bythe forces is-zero, Hence the (1. = 

condition is necessary. , a . Q 
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— anda welght ‘W ts attached .10 C.. A stiffening rod of negligtble 


sa AD is Horizontal. 


weatte r ; Vida hege igh at aa: ta Gi 
| ‘trtual Work AhGe: 
To find the thrust 7 in. the rod, BD we shall have to give the ae 
system a displacement.in which BD must change. So we replace thee 
the rod:8D by two equal and opposite forces 7 as shown in the ae 
figure and then ‘the distance 8D can be changed. § a 
Now we give the system a small symmetrical virtual displace. Le 
ment in which @ changes to 64-86, The point A re nains ‘fixed and Seat 
So the distances will be measured from 4. The points B,C and D ANS. 
Change. The lengths of the rods 48, 8BC,CDand DA do not a 
change while the length.BD changes. The angle BOA will remain f: a 
‘90° ‘because ‘even ‘after the’ displacement: the figure remains ‘ao ee 
_thombus, _ ve ee & : ee. FAG 
1 Wehave B8D=2BO=248 sin-b=4asing, =. . . eRe 
and . AQ=2d0=2,2a cos 0=4a cos 8, 7 ae 
‘By the principle of virtual work, we have . Bi 
76 (4a-sin-8) + W8 (4a cos 6)=30 A 
or 4aT cos 8 §8—4daW sin 6 §@=0 wae 
or -. 4a (Tcos.0—W sin 6) 600 
or a T cos 6=Wsin @e0 [' 88%0) 
or ‘a. . Tes b= W'sin 0 
ors: ' Tes HW tan 8, 


But in the position.of equilibrium, 
BN=2a and 67/6, 
Therefore T= W tan jr W]4/3, - . 
Ex, 2. Four rods of-equal welghts w form a rhombus,ABCD, with 
smooth hinges at the Joints, The frame is suspended. by the point A, 


aratoAC, Show that-the thrust in thiy stiffening rod is : 
(2W-+-41y) fan a, - 


Sol. ABCD is a framework 
formed: of four equal rods each of 
weight wand ‘say of length.2a, It is 
suspended by the point A and 4 welght 

Wis attached to C.' To keep the sys 
tem in the form of'a rhombus a - light 
rod EF joins the middle points. £ and 
F of AB ond AD ‘respectively, Obvi- 
ously the line AC miust.he vertical and 


eee ee 
ret qe 


eyo 8 fae as 2 ae 
eye he te Par] soe 5 ote tats 8 
wee aba ae lee le he ti ce, ATL EP Pea) 


Virtual Work 


We have /BAC= LZ. DAC=e. ae . | 
Let 7 be the thrust in the rod EF, The toral weight ay - 
the four rods can. be taken acting at tlie point.of intersection. fe) 


the diagonals AC and BD. . . . a 
Replace the rod £F by two" equal and opposite cores T ba 
shown jn the figure, - ; a 
Give the system atsmall gymmetrical displacement About the 
vertical AC in which # changes 10 2-+8a. The point 4 Ser 
Axed and so the distances of the points of application of the eee : 
Ay and W will be measured from A. The lengths of the rods ; 


BC, CD. and DA do not change, the Jength EF changes; the LAOB. 
remains 90° and:the points O and-C thange, : 
We have . a . : . - 
\EPe2i AE sin a=2a sin a, . -. @ 
AO=depth of O below the fixed-point A | ; ; 


—ABcos a=2a cos a and AC=2A0e4a COS &. 
tinciple of virtual work, we have) , 
_— rs Baan 0) + Awd (2a cos aj He a cos ile 
or 2aT cos o. ba Sai sin. & bo, 4aW sin a da=0' 
or 2a [T cos o— 4 sin.z-2 sin 2] bo=() Matt 
or F cos #—4y sin a2) sin.o= 0 ( “Oae0) 
or. | T.cos asa(4w-F2H’) sin a : 
or ) T=(2W+4y) tans : - 
Tx. 3. Four equal heavy uniform rods‘are freely jointed $0 as ; 
to form a rhambus which ls Sreely.suspended by gue angular tot 
and the middle points of.the two upper rods are connected rh Tig th 
rod so that thé rhombus cannot collapse. Prove that: the ns of 
this light rod ts. - 2 ; _ 
' 4W tana, a: 2, 
is the angle of the «rhombus 
(Meerut 76; Kanptir 81} 


where W is the weight of each rod'and 24, 
at the point af suspension,  # 


Sol, Proceed as in Ex, 2. Here a. weight 'V js .hot attachéd 
at C, - The equation of virtual work Is ; ie 
T8 (2a sin. 2) +446 (2a cos #)=0, | 
ivi ) TH4W.tan 2, i 
vin ca 
_ 4 ‘each of weight Ww," are ‘freely 


is 


_ Ex. 4. | 
Jointed to form a rhombus 
freely from 

If two h 


Four equal uniform rods, 


and a welgh 


orivontal:forces each af man 
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RUG seat Rane tenaNy Thies AE Ge Dn On ts eR Ee ttt PRC REE (a8 (NB OOF BS) 8 gee § qo Oy fee @ Ory § = | 


ABCD, The frame work is suspended 


1 W is attachedt 


e spies 5 es Ae) .2 z A ee . 
TA STRESS RU AO SUB IR RGRG: 


o each of the joints B, C, 
nitude P acting at Rand. P 
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' work done by: the frictiona 


; ‘ofa 
~acticén and ieaction are equal and Opposite and so the work d 


10 


a smal! displacement is zero, 
Of an inextensible String is zer 


(ii) En work done by 


a 


0 during-a small, displacement, 

¢ the thrust ofan intextensible rod is zéro 
all displacement,.  - a 9 
Let 7 ‘be the thrust in 
au inextensible rod'48 joining. 
two poluts d.and..B of a rigid 
body. Proceed:.as jp part (i), 
Here the work done by the 
thrust in the rod 4B during 
small displacement 


==T.AM+7.BN=0, : 


during'a s 


. ay a 
ae 
Lard 


Remark, The forces of tension act 
- thrust , Act outwards, A common, name for -tenston and 
thrust 1$ stress. Fron (i) and (il) we conclude that ff the ais. 


ake between two. particles of a system ts invariable, the work 
one by the mutual action and reaction between the two particles is 


ve 


inward andthe forces 


Zoro, : 
. . o 
(iti The reaction R of any. smooth surface: with which the: 
body is tn contact does no work, $ 


. For, if the surface Is.smooth, the 
reaction RK on the point of contact 4 js along the normal'to the 
surface. . If A moves to a Neighbouring point 2, then the ‘dis. 
placement AB is right angles to, the direction of the force and’ $0 
the work dohe by 2 is ae {f however, the surface is tough, the 
orce Fi.e., BF, (— i sj 

the equation of virtual work, - i pear i — 

(iv) Ifa ie rolls wit Lou silding on any, fixed surface, the 
Work done ih asinall displacwnent by the reaction of the’ surface on 

at 

the rolling body Iszero. For, the point off coritact of the ‘body 
is for the moment: at rest, and so the normal-reaction and. the: 


force of friction at the point of contact ‘have zero displace. 
ments, So, 


4 


(v) _ The work done by the miltiial reaction between two bodies 

system is zero in any’ virtual displacement of ‘the: systent. For 
e . : ‘y 

one 


by’ the action balances that done By the reaction, 
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Virtual Work : | ae ge Te 
‘ \ : we re 
(vt) Ifa body is constrained fo turn about a fixed. point or ua. 


fixed axls, the virtual-work of the reaction al the. points or on the 
axis is zero, Fortin this case the displacement of. the point ‘of 
application of the force is zero, : ; 


$13. (i) To show that the work done by the. tension T of an .' 


extensible string of length | during a small displacement is. —T8l, 


Refer figure on page 9, 


; [ A 7 » 4 ; ' 4 5 
. Let 7 be the tension in’ an’ extensible string. 48 of*terigth 
joining two points A and B of q rigid body: After a small displace- 
ment tet-.4'8" be the position of the string and 58. be the small 


angle between ABand A’B’, Since the string is extensible, there. 
to ‘ABBY a 


fore’ lec A'B'=1-b8}. Draw A’M and B'N perpendiculars 
Also draw A‘'E 


perpendicular to..8/N. | 


On account.of the tension in. the string Ad, thdre:are two. 
forces each equal to T acting on 4 and 4 in the opposite directions 
AB and Bel respectively, After,displacement A moves}to A’ and. 2 
moves: to &', 
during the displacement | 


=T.AM-T.BN' 8 
(AB MB)—T.(MN—MB) |” 
(AB—MN)=T.(AB—A'E) 
 (AB—A'B' cos 80) 


Hl 


ge a 56) ae | 
. ie (88)? . | 
=T.| 1—(1+8/) ae kG +o >t, expand ng cos 60 Jn 
: oe | a powers of 30 
=. (/—/—38/],,to the first order of small quantities 
oe | 7 a 
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(i) Simijarly it can be shown’ that the work done by ‘the thr Sf 

T of an extensible rod of length | during a smal! displavement Is T'S] 
| , | , JAluhabad 79) 

414. Application of the Princlple of virtual |work: . While 
applying the principle of virtual: work .we can gife any smiall 
displacement to .the systern provided jit. is consisfent with the 
geometrical. conditions of the ‘system. This displacement should 
be such as tojexclude thé forces .which’ are not” required: -and ‘to 
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IR ; Loe Mirtual Wars 


eguaf weight PY, Jointed tozether: ty hig yp by one corner, iA wes elrt 
YW’ is Suspender] from cach of the three lower corners aad the shape 
of the square ls preserved. Aya dleht rod glang the horlzonial dla- 
gonal.: Find the thrust of the Heht rod = 


Sol ABCD is square . 
framework forméd of four rods 
each of weight’ Wand say'df length 
2a. It if suspended «from the 
point 4 and a weight Y7is suspen: 
ded from each of the three lower’ 
corners 8, Cand D, A.light rod 
along the horizontal diagonal #2) 
prevents the. system ftom: collap- 
sing. Let.Z, be-the thrust in the ' 
rod "B.D, sThe total weteht 4H of 


Ex, 6. A square Sramework, Sormed of ualform heavy rods of 


Uw 
the roads 4A BC, CD.and’ DA ean be taken as acting ‘at er 


- 


Tsu. 


To find 7 we Shall-have to give the system a displacement 
‘in'which AD must change. So replace the rod BD hy two- equal 
and opposite. forces T as shown in the Agure ata assume thut 
LZ, BAC = O49 ¢ CAD, ' [Note that the angle BAC will change 
during a displacement in which 8A is to change.) - | 


- Now give the system a small symmetrical displucement about 
AC in which # changes to 6+80,. The point 4 remuins’ fixed and 
‘the points 8,0, D andc change, The lengths of the rads 
AB, 8C, CP and DA do not change’ while the fength BD 


* 


changes, é 


» Wehave BD 280248 sin Mus du sin UV, ; 


the depth of each of the poirits 8, Cand D belbw'the fixed point 4 
=AOr= 20 vos 
and the depth of C helow .4--240--4a cos ti, 


» By the.principle of virtual Work, ‘we hitve 
J 8 (4a sin 8)--4 47 8 (2a cos 0) 4-21 b-(2a ens D 


; - 4 a Sea (4a cos Pen () 
{ SO ; 
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ey et pee Se 


be Pere 


-7 
rs 


te ' gn, hs Stage Saye ene oy tye ae si 
a Os en a nee 2 CN aes ants 
‘ “i > Y 
4 a - site: nD) <n A : SUG resin esti cmaconac, ” St rcuasita . 
, 4 . | ~ | : ’ a | TF ' 
Virtual Wark. a os 19 - . 
or 4daTecos t 80 — Ra MH’ sin OS0—4a W sin @ S80 — da. MH? sin}@S0m0 - 
or 4a (Fi eas J 4 7 sin 4) RO=:0 | De | 
or Tcos 0-417 sin =Q «- | ae Gas ed) Los 
ar. Teer Ghl? tan 0, | oo. - a a 
Butin the position of equilibrium 0245", - : . | ; 
“Teal tanlaS ed Wrethe total weight. of the four . | 
rads. , _ _s ; 
Wx, 7. howe uniform rods are freely Jointed at their extres |: i eS " ' 
inities and form a parallelogram A BCD. whith is ‘suspehded “by the , ; 
Joint A, and Iskept in shape bya string AC, — Prove that the tension — ‘ . 
af the string is equal’to half the weight of all the four rods. ar 7 . 
ae (Rohitkhand 88; Meerut 80, 88). . . 
‘ ; ‘ 
Sol.’ A8C) is a framework in the . : 
shape ofa parallelogram formed of. four | 
uniform rods. ft is suspended -frofti the. ~ 2, a 
Fo point land is kept in shape by a Usfring: ae ; 
| AO. Let 7 he the tension inthe string fC. : 
The total weight Hof all the fur. hods 48, . ai 
BO, CD and Od can he tuken as ueting, at 
O, the middle paint of AG: Sines the force | 3 
of feaclion at the point of suspension A a ; 
halances the weight Mat 0, therelore the ne 40 must be Vertical, ; 8 
het C+ Qy, re oo. ao a , 
. Ps “f 
Crive re svsiéea st srl displivement in whieh x chinges to ; 
vi dyand AC remains vertical. The peint.d remains fixed, the 
polnuie changes and the length AC changes, We have, AQmx. 
By the principle ol virtual work, we have | 
[ATA (AC oh HD (AD) EO - ; - * @e, 
orf TS QRIE (RO 
or | IT OAN ; Weare 0 14 ; i 
; Ts 
or farT ‘ {'. NVry () f “ae ae. } : 
ne af Wad ; p> avae0) . 
an eae | " | 
or Pood (tok weight ofall the four rods), 7 
- ; o ; , ! ; I 
MNS, ! sirtnis, af lengih ay fornis the Shaorrer diagonal ali a.” iss i 
thiwakus paried af four uaifoens rods, cachh f length b ani welohy IE, . . 
whieh) are Ninget Doverher, If one uf the rads be Supported ina : 
horisdatal position, prove that the foustan nf theste lng. is M " 
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Ex. 10, Shy egal heavy beams are freely Jointed at their ends Bid 
to.form a hexagon, atd-are pleced.in w vertical plane with one beam — Stet 
| resting an a horizontal plane; the middle points of the two upper ‘ihe 


boner 


Slant beains,. which are inelined. atan angle 0 to the hortzon, are 


— 
a 


connected. by a light cord. Fina Its fension ity terms of Wand Ul,” a 
‘where Wis the welght of each beam. . ’ [Meorut 82) j 
= Sol, A8CDEF }s-4 hexagon ° - | oe 7 
a formed of six equa) heavy beams | Ae 
% each of weight W and say of a 
5 length 2a, The frame is placed  ~ oe 
o in a vertical plane with the beam 7 : 
5 AB resting on athorizonta! plune. i! 
= - Tolsave-the system from collap: ime 
ry sing the, Aniddle points Mand’ N He 
£ ofthe beams FE and CD arecons pss 
' —nectedjby a light cord, “Let 7" be - ae 
| the tension in the cord | MN, , | “ae 
| The line FC fs horizontal, We huve ERC rtes DOK Jak 
Draw E&P and DQ perpendiculars to ALN, ie 


mah 


The total weight 677 of all the six'rods can be taken, 

ato, the middle pointjof FC,. Draw ‘OF and CK perpendiculars 
to AB, We have 2 CBK=4, : _— 

Give tHe system a ¥mall symmetrica| displacemént about the 
vertical line OM jn. Which-@ changes to J4-3¢, The line 48 Jon the 
horizontal plane ‘remains fixed, and thé distance of the point of 

application O of the. weight 617 will be measuted from 4B. ‘The - 
lengths.of the rods AB, BC etc, ‘remain fixed: while the’ length WA 

changes.. The point O also changes, © ? rr 

We have. MN=MP+PQ+QN 7 ‘de 

7 =a Cos O+- 2a». <t/ COS (ns 2a 4- 20 COs i, a 
[Note that PQmED& 24, because ED yemains tixed), i 

Also the height: of 0, above tHe fixed tie AB: 


= HO wKCus2a sin 0 
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B the principle’ of Virtual work, we have. 
—T7S (2a+-2a COs YU) mm 6W 8 (2a sin @)s20 | . 
(The work done by 6 js taken with —ive siga because a 


, — the direction of #0 Is opposite to that of 6 bh’) 
2a7’ sin 6.88—12a W cos’ P sd=0 
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Viral Work | ; an te ee | 

ey ou (7 sin 8-61 cos 0} dbx | — : | 7 
Cf Z' sin 0=GH? cos Basil) [‘" 0980) oe : 3 
or Poco d 9° 7, : 


Ex. 11. 4 regular hexagon ABC DE! consists of six equal rods —_ ' : 
which are euch of Meight W and che sreely joined together, The two : 
opposite angles C and: bare connected by a string, which is horizons, 
ial, AB being’ int contact witha ‘horizontal pial: A welg. te a als . os : 


s (RW ate W)73. | 3 ; 7 a 
i [Meerut 79, 83, 86P,  sdebaad 80; 
, | 


sol, ABEDEF I 
aun formed of six: equal rods . 
Ish hoof weight H’ and -say of ° 

rebgth 20, -The hexagon rests 
in a vertical plan with A in, 
vontuct with a ‘ho izontal plane: 
The opposite paints Cand J 
ure connected by'a string ‘and 


sa hexae «,0 


a weight HW’ is blaced atthe : 
middle point fri Of DE Let 7", | i 
ae the tension ihithe string FC. The total Geteiii 6 IV of the- six poses 
tqds AB, BC cle,ican be taken acting at UO. the middle ppint-of FC, | 7 
Suppose UC and 4/ are inclined at ‘an angle 7 to the ‘horizons 2. | 
td}. Then ‘in thée-position, of equilibrium Us7/3' becalise in the - 4 
position of equiljbriut the hexagon is given to be a regular one | 
und so, CBA =s16u", ; Ad i | = 
Give the system ‘A small symmetrical (displacement -about the. : 
vertical line dfO.N in which 0 changes to 04-88," The ine’ 42 On 
the horizontal plane-remains' fixed. The lengths of the rods AB, . te. oe - 
BCrete. do not change, the length FC chunges and thé points O * . P ‘“ 
and-Ay ulso change, | | | : 
We have —- .- 4 . oe oe 
PC. FP + PO OC uz 2a ods Ur-2d4-2a cos U _ - 
edapdacos a | ‘ he 
the height of @ above. AB oo. 
=NOwBQexda sind, | | 
and the height’of Af above AB ; | 7 “3 7 : 
| NM INO sade sin 0 a | | 
RR eT 
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26 : | Virtual Work ee 
: . . ‘ ae 
By the srinciple of virtual work, we lave. aa 
— 278 (2a sin 6)+61'8 (u sin 6) 0 ie 
or —duT cos U 80+12aV? Cos U 80-20 | | Bo 
or fa cos i (—=T3M/) d#= QO ae 
or — 74-3 4'r= 0 [80340 and cos 0:40} 2 
or _ T=3W Le, {he tension of each string is Bh 
three times the weight of a bar. : ; | aa 
Wx, 18, . Six eyual light rods ave joined to Sorin a hexagon ei 
A BCDEF whieh ts suspended at A and F so that AF ly horizontal. i : 
A rod BB, also light, keeps the figure front collapsing’ and is af steh : aes 
ul length thatthe rads ending inthe Bolnts By, £& are Inelined at un “ae 
aiigle of 48° 10 the vertical, . Equal welehts are suspended fron | x 
B,C, D, BE. Fi ited the stress: In BL, ee 3 
aye 


Sol, ABCREF is 1 hexagon 
formed of six’ equal ey rods 
say each of length 2a, It is suse 
pended at 4 and F so ve AF js 


so 


A yw 


horizontal. Equal welghts W dre Be 
suspended “from cach of the oh 
points B,C, D and. A: light “ge 
rod joining 8 nnd £ saves the ate 
systen) fron céllapsing. Let 7 be ; ap 
the stress in the rod BE. Since oe 
the rod BE prevents the points * 
a ; ge 
: athe moving inwards, therefare the stress in ihe'rod Bee 
Let. ABB ur FEB ee fo CBE ot DED. ri 
Replace the rod BE by Wels ud |. and Mpo ) 4 
shown in the figure. Give the pea a small Ee leant se Ea 
ment in which @ changes to 0-4. 86, The line AF remains: fixed, Ra 
The points 8, C, 2 and £ change. The lengths o° the rods AB. is 
BO ele. do not change while the length Si changes, ih 
We have . " wb 
BE= AF +. 28M sha, 2 COS Oe 2aekda cos 0, i 
the depth of each of the polnts Band £ below AF a 
; AM ea sin Uy af 
and the. depts ofeach of the points Cand D below AF oe 
7 . 2Z4M=4a sin 6, o | vd: 
By. the principle of virtual work, we have 
18 (Qa+d4a COs O)4-2 WS (2a sin #) 208 (dae sin Y) 2) i 
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Virtual Work - oo 47 | ; 
eee . -F . 
wT —4y}' sin 080-4 4aH' vos 0 dU BAW vos 0 SU 0 _ 
or $a—T sin Up 4 eos Up 2A cos 1) Odes 0 7 
or : —f sin 04-34 cos Ue es S00 ), i . 
or Pus 3W col U. 
But in the position of equilibrium cach’ of the, yods ab, 2O-2 * “ 
EE and EbBmakes an angle 45° with the. vertical and ao also with ‘ix + 
‘he horizontal BL, ‘Therefore in (he position of-equillbrium,, (sn 45". 
und Tm 3 cot 4Staxa We -_ 7 


. 
. 


En. 10, Six equal heavy rods, freely’ hinged at, the ends, form oo 
areguiar hexdgen ABCDEF, which uvien Auge up by tile point A- is ae 
kept fount altering its, shape hy wer deere rads By and Che Prove . 
that the HArUsts af these rads are’ (43/2) - Me ane (4/3/2) Fh 7 where wie 
I iy phe wejght ef eael: cud, . (Ntecrut 84, Bal, $55). ; 
| Sol Let the length of’ cueh .: 
of the rods AB, BC elu be 2d und 
fet 0 ve thq angle which cach’ ot 
the slunt rods AB; AB, DC and Da 
makes with the vertical AD. | 
wet 7) and 7's be the. thrusts un \ 
the rods B& and Ce respectively. 
dare ef iy-the fixed polit, The 
rea of the rods A8, BC ete. act 
ut their respective middle’ points us 
shown.in the, figure. 
Lit us first find ‘the thrust Ti. 


Repl Ae the tod BE by two equal and opposite forees. ie as 
shows in the-figure and keep thie rod CF jntuct so that: during: uny 
casein the length ck does not change. ‘Now give the syStent 

a small symmetrical dixplacement: about the vertical ling-AD in 
‘ahich Oat the-end A changes to [$4 while Hat tre: end D does 
not change, | The portion BCL moves us it Is, The length By 
changes while the length CZ’ Joes not change so that during this 

small displacement the work-done by the thrust 7sfof the rod C£ is 
zero, The ventres of gravity ofall the six rods 12, BC cle, ure 
vslightly displaced. 

We ie Bhusda sin U. 


BC ere. wel at ie ae. point O of AD. The depth of ae “of the 
points Ad.and .V below Asis @ cos Y, the, depth of ¢ guch af the points « 


2 and Q below A is 2a cus b+a, und the ci Ih. ofeach of the «al, 
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. 7 Me . ! 
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i . ay ‘ , . ” Me. 
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|S raw 2a! perpendiculnr to : DI The weight Hy) of each: leg acts : , i 
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and the seat of the middle point of CB or CD below A 
=2a cas G+) cos ¢, 


The: equation of virtual work fs : 


re, 
i 


pack 


4=5 


2a 


455 


rs 


gee ene he fe 
cote ta ee PCa seca des OS eee eee ee 


x ’ 
ee F : ce 


’ * 
: cals 
5 ‘ nu weet Ue Ni 
Pheer Petes ey ea bal ade ine ee tEtar tes he eaten as t,t 


135 


Virtual Work 


EX 205 To unifor Mi a ‘AB and AC smoothly: “iol ted. at A 
are in equilihriun-jn @ vertical plane, Band C rest on|a smooth 


—T8 (2a COs 44-2 crs h)-+2H4 (a cos @) "8 : horizontal plane and the middle: points of AB and AU are connected: 
or 2aT 9 SG-42b . R ' + 2H7'S (2a cos 6-bY cos 4) =0 ae 7 Aya string, Show that the tension of the string is. re: . 
sin a sin: % Sh 2alv sin 8 S8—4aH" sin 6 58 - ieee oye Fe : . 

- a 2bW sin d d¢ = 0 ae tan Blan C : : 7 
or 2a sin 6 (T— WoW) SU 2h sin b(W'—TY 84, wil) | Ble, tine W is the thal. weight of Ipe rods AB and’AC, | 
But the parameters §.and ¢ are not independent of each other, Ri os { [Gorakhpur 79; Sinajt 78) 
From thé figure,: we can--find a relation between @ and ¢. From Bes Sol. - AB and AC are, wo 
the AAME, we er ae and from the ACMB, we have ee uniform rods cera jointed’ 

eu Bhi at A, They rest in.a vertical. 
| Equating the oat Pei : have ale Pree with the ends Band ¢ 
oy eS ee Sin pea laced no h h 
Be ae placed on ay St of orizonta 
Sy 8 (2a sin’) (2h. sin ¢) 6 RR plane,’ Let 7 ‘be the ‘tension 
- a oe ) B 7 cos) Sil==2h cos dd. | »0(2) f in the string connecting \ the: Ci 
bg . a ‘ : ei aa r , | middle: points dD and E of AB and 4c respectively. «Let << 
os robe Wey sing (Wie Ty © Bendy ands Aca ob, = _ 
3 ; wn The weight #’, of the rod AB acts at its niiddle’ point DB ‘ind the: 
: Note t - Pp 
be tn a J nd es re becnute 3010 and 34 240 weight H/y of the rod dC acts.at its middle point EF, -T. erefore the 
or T (sin @ cds db }-co8 8 sin i) ex IY sin 6 cos d+ 1%’ sin 8 lolal weight W/W -+ Hof the two rods 4B and AC apts at some 
: 1 W" (sin 0 cos spas 8 sin ‘ point of the line DE which is parallel to BC,” 
or T sin (A+) (WH) ain Beas pb HM’ sin (8+¢), | Give th system asmall displacement ‘in which: the. angle 8 
But in the position of equilibrium ; _ Es changes to B-l-6 B and C changes to’C+8C, The level of the line - 
8 =90° ons _' of BC lying on the horizontal plané remains fixed and the points B 
+4 or ¢290°—8, ? se wie 
“ Tin 90°=(WH4 WH’) sin 8 cos (90°—A)-+- W” sin 90” : an move on this Jine, | The lengths of the rods AR and. AC do 
or Ta(Wt W') stn? 6-4 YW", not change, the length 1 enanger and the points Diand / move, 


Ex. 22. ABCD isa quadrHateral formed of four uniform freely 
Jointed rods, of which ABe AD and.each of weight W, and BC=CD 
each of weight\W', A string joins AtoC, fr is freely suspended 


We have 
DE=DHAHE «a cas By D COS 


the height of any point Of the line DE ahave BC 


from dA. If ABAD =26 and (2. BCD = =2¢, show that the tenston tn St ee SI MeO 
the string is ; The equationof virtual work is . 
Wien GASH. 05 b+-tan 6) / —T8 (a cos B+/ cos C)— IAS (a sin B) 20 ‘ 
fan Bp lan pf 7 ‘(Meerut 86S] or aT sin B 8B-+-AT sin C 8C— -aW cos B &B==0 ; 
Sol, Proceed.as in Bx, 2 21. | 9 or a (IM cos BT sin B). SB zh’ sin CSC, wel) 
From the result (3), ofEx, 21, we have From the figure, : 
| tan 6 (T—W—2 W')extan ¢ (W'= 7’) DM-s=a sin. B and EN xd sin, Ci. . 
or |. T (tan 6+tan 3) #3 ¥ tin 64+ W" (2 tan 6-+tan ¢) Since DM = FAN, therefore asin A-6 sin C, 
- r= Hi ian 0-4! (2 tan B-+tan'd) 8 (asin BAS Asin C) | 
tan G-ptan ¢ or (ACOS BAB mA SOA 8: dy 
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38 : Vietiéal Work tee Virtual Work _ eg Seo | 
suspended ‘from: B and D by'means of two strings: BY and DN each aoe . Fan (t+ tan 452, wenpe dom b aa | - . 
Of length /. . Thus a welght meacts at NV, Let F be the tensidn “ Re - ~ an STE —~a*) Ea & so 4 
In the string” AC. Tn the position: of equilibrium the figure is, a ae ery ‘1 Seca ein ae -~ “2 
square, -— Plies . Tae ee 
Let ¢,ABD= 8 and te NBO=¢s. ap a When /= avs, the .tension ‘ aa - 
= Give the. systom: u.smoall. symmetrical Sa hae {14 pon 2 \ es . ; 
3 displacement ‘about. the, vertical AC in pa ais 0 a = 3 
all which @ changes to 6-+-88 and ‘d changes Raich ig (- at mg. Se dg - ° 
2 to d-+-S¢.. The ‘point A: remains fixed, ee Ex. 27. A roll: is nrovable aboyt @ point Ay und to B is vidéhied: | | 
J The lengths of the. rods 48, BC, CD and abe a string whose other eid is ted.toaring. The, ring slides .alonga “ ¥ 
: "DA , remain’ fixed ‘and ‘the length Ac ‘anss smooth horizontal wire Passing through A, Prove by’ the principle of | “oe! 
2s changes. . The lengths of the strings BA an virtual work that the horlzontalfores, npeessary fo keep the: ring at. 
= and DN remain fixed so ‘that the work ape rest is 7 . on ee ee 7 ere . 
a dofie by their’ tensions.js zero.. The ‘point | nS : W COS o cos f.* ; . oe ' ! 
2 N is slightly" displaced, | | Reiss! 2 sin (a-bB) /. : | or ! 
We have _ 7 ae where W Is the weight of the rod, and 2b B the inclinations of tlie a | Res ! 
9 AC= =2A0 e22u sin a 4 ps and the string aie horizontal, ; XR ‘ ih : 8 , 
cc: and ‘the depth of N below A : a [Lucknow 76; Allababa¢ ent yehae : ! 
E =AN=AO-}-ONea sin G+» sin ¢. ie Sol, The;rod AB is =e . : 
o ‘The equation of virtual work is : eh hinged at A. Let the: length ” | 
5 " = 7S (2a.sin @) -Limg § (a sin g4! sin Dre Rh of the'rod 4B bea and the’ . 
=| or’ rar} cos # 88-+a mg cos 6 80-b/ ing cos ¢ Spee | ait length of the string BC ‘be I. . 1 oe at | 
& or a tos: 6" (27 nig’) 88-1 mz.cos $.5¢, vi(1) # . Arar ae ring ran e y ar, : 
E Now from the AdO8, BO=a cos 9 , + ol ey ae oer 2 a ee tt : 
r — : ‘0 Ao) _ ‘ tL 
FE; and from the aan F Beas oN | fi Let P be the harizontal force applied at the ritig C to’ ‘Keep it 
2 so'that | oa sin 6 S62) AiG aos 7 Ke at rest, The weight of the rod AB acts at tte midd :polint G. 
, or’ _, asin Sex] sin ¢ 3b. . e 4 sl) E Let = BACH 6 and 2. BCA = B. : - ; 
2 Dividing (1) by: (2), Wve: have sa oe - 4 Give the system. a small displacement in which ‘Ohanges to- 3 
Soe a? hag).+ ipaee it z-+ 2and B changes to B+ 6B. The point 4 fénjains} fixed. The . 5 
a siné. "sine ™ Co na length of the rod AB He fixed and the‘length of the’ string BC | qt 5 
or cot @ (27° —me)Ea nig cord ae also remains fixed: so that the work .done by ‘its: ten$ ion fs zero. * 7 ‘ 
OF "27 -=nig =ing tan 8 cot.¢ ap The points. G and C are slightly: displaced. ‘We have a? le % 
“of | Tt mg U-+tan 6 cot’), 3 if I the depth of G below 4 = =MG ee 2 ; 
la thé position of equ, iibrium 0245°, | ee (4 AG sinasjasine, M2 ; 
es ae a Ai 45%a/4/2 = and the horizontal distance of C from 4=AC iH, , i 
a ecietM V{l2—(a2/2)) , wa AN NGweg.c0s a-4 ! cos'B. if fs 
as Ni/2, The equa ibn of yittuat, work | is ° ; \} . 
eit ea pada ral = te Peat acter ee lees a : 
: { — on —_ pie oy, ce om v= () . 0 
a ON EPA | , at s (4 dos a—P sin'a) Saes/P sin f 5B. | air ; | ; 
Pea the furs. ae the values of BN fount’ from the trie |  . 
1 . if a 
7 eo. ed : tH ; 
Relesheontenteren it GOR IT SY PIN erent ado ; 
| ae SEE eu LL TT 
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Virtual Work *. 2 | 
We have ae — 
BE-=2BN=2, 2a § sin bm da sin 0, os 
the depth of the middle point of AB or 42 below: A = acos 8, 


oem Se oem wae wee eto = 
. 


42 | Virtual Work 
The: only force that: ‘eontributes : ‘to the equation of virtual: work 


is the weight W of the hemisphere ‘acting at G whost depth below 
the fixed point O -has been found above.’ The equation of virtual. 


"pods euch uf welght W, Is suspended from the polit AXand ly maine. 
tatned in sik ape by a light rod Joining the middle poinis of BO and ..: 


DE. 


_ + Thejpoint-A'temains:tixed., The lengths ofthe rods AB; BC | ;. 

ete. remain fixed, the length BE vhanges and the middle points of | 

. thetrods A8,BC etc, Are slightly displaced. The ; 
OU. A NS 


mn cn ee ree ee oe 


work is WS (I.cos 0-a Cos d+ ta sin Hig) = 0. the depth of she middle point of BC or ED below A 
or -—/sin-0-58—a sin } §6+2a cos ' a. 0.7 -=2a cos +a vos ¢, 
or = / Sin 6 80ea.(2 cos d-=sin- 4) 8 | tl) . and the denth ki ame middle point M of.€D below At | . . 2 i 
_ From the figuré; £C=a, . 2u cos O4-2d cos be . : | , i 
= Also EC=: E EM+MCrs FA MOH sin Ota sin a ; The equation of victual work is: | ‘ ~ i 
, 0) @eel’sin 6-ba. sin d: TS (4a sin 0) 4: ‘2Wé (a-cos, 6)+-2W (2a cos 8 4. a'vos 3) ; "oe a - ‘ 
° Differentiating, O=:/ cos’ @ 86-44 COS f Oy ; ee (2a cos 04-2 cos ped. : | 
= or —! co§,4 88a cos 84. : nO) 4a T cos 6 838— 2aW sin 88—4aW sin # 86— 2aW sin ¢ s¢ | . a | Hf 
oO ‘Dividing (1) by (2), we ce 2a W sin 6 80-2 W sin @ Bi 0 iss ce ; ‘ 
5 —tan @=t--tand or: = tan fez d-btan 8, ur da (7 vos U— 20 sin 0) d’=4al¥ sin ¢ bh " | . i 
= Ux. 30; (a) flve equal uniform rods, freely jointed at their ends, or. (7003 br~2 W sin 6) 58 IW sin ob. ere pe i 
& form a regular pentagon ABCDE.and BE is joined by a welghtless From the figure, finding the length BZ in two ways /.¢., Tro | . : 
= bar, The s¥Stem bs suspended fi vin A in a vertical plane: "Prove that the Upper portion ABE and fromthe lower portion BODE, mene. oe : 3 
' the thrust In BE Is Weot- fom, where HWY isthe weighi of the rod. ! 4a sin. B= h+4a sin yb. a i rs ; = ‘ 
2 ‘Sol, ABCDE Is a pentagon formed of five equal rods each of Differentiating, we get.4a vos @ d¥=da vos | 4 Bh 7 3) 
a weight VY and say of length 2a. It fs pPeneee from A'and BF fs. , oo cos @-00 atOs Ns i. an a 
S jointed by a weightless bar, Let 7 . 7, FY Dividing (1) by 2), weget ie : " 
D be-the thrust in the bar BZ. The | , « Ot 3 Tcos 6— 2W.sin’e- _ Hsin pf om oe Pr 
5 jine AM joinin g A to. the middie _ ae cos@. .&OS a = 2 es | a 
= point M of CD is, vertical and the | en A we ‘or PW tan O=2W/'tdn oh | = 
s line BE is horizontal. “The welgits  ‘~\ 47 71 Bs ror Te W(tang-2tan | / = 
le of the rods 48, BC, CD, DE‘and ° 7 a But in the ‘position of equilibrium, ou . 
= EA act at their respective middle Bei ! bt Pe ga otsl eee | 
By points, In the position ‘of “equlli- Sea da lame (ae aac ea Ve : oh. atts . 
3 brium the pentagon. is a regular ; tee 3 Ln bs ach HS 
, one so hav eke of its’ Pa | uf | ae | a Ur (van oo ig bese sa petty ‘it. 
= ungles js 180°—72° i.c,, 108° or Pn.radigns, | Ee meta zt m=Ot. (42-55 m'\'s2cot a - ) i 
Let 0 be the angle which'the two upper slant rods A8-and 4E Thee: He eae _ an a) “ ms 
' " make with the.vertical and f be the angle which’ the: two lower ae WY eel Letan’ (7 /10) : i. + i i 
slant rods CB and DE. make with the vertival, Jae: nies bane ECT) Ws HH 
Replace the’ rod BE ed two equul und BEECeMe forces Tas on th UOt Qype |e tan? a | ‘ | | 
shown In the Ggure.- , ta dae "2 lan | an : it 
| Give the system a small symmetrical displacement about the = Weot (7/10). 6. F, | ? . ; / 
vertical AAZ din w ich @ ohanges lo ¥4-89 ‘and y changes to b+58d4, Ex. BO. (b) A vegu/ar pentagon ABCDE Jormed of equal uniform ‘ | | 
; 


Prove that the stress {in the light rod is 21 cot (m/10), © 
(Robilkhand re 


ANS reniains: 


fe, uv 
Sides Au vi SoS 


_ ihe $c! — ' egg ERGY x) Ai Day ay SEINE parse Neskee Ny ties 
. : 
re t 


Py SES 


//t.me/upsce_pdf 


https: 


rn 


PE LST TED LL OI SNR RR 


a eta 


liye 


: OF . spdosdn 7 /: sayy NOMA Lae a REM LSS ACL CO SOIL He REST st Sok Cem Re 


e 2, * eo re i ey mer tg tee Cart set eee Hae Po oe ee ee Co Se Or ele 2 ee i s Hoven, - Us a oe ts ona =r ona ee ee a re ee ee er os pase eee 


//t.me/upse_pdf 


- https: 


Join Telegram for More Update 


ee 


aestag 


ESL TT aes Cee ee en Genes Pee et de 
; ' 
7 | 
; ; l vinoeeipPS hia yw" O"S ‘ef SOULS, 
G cy, ; ‘ 2 : . a rd 
F : feu 

wrozLioy.: “ yroowls oilos Uo, paan{d: su 
UdHBI- aq | ity ${ ATOM tut OU} "Vous 


af JO ales uv nite "pod WSs 8 Aq ‘paulol “dull oy 


pur @y sp ot ong) jo e purty siuiod 9)ppltu 
‘Ot. PUR LZ uolsuay Jo alms pul Builds v Ay 
paural au Or pur gy spol ou) joo PUB of 


0 ‘syurod, aippr Us, *SPOl UB] 4NOJ Jo pou 
“204 jwsareyspend y JO"UMIO! DUT UL MIOAVALUBL BSI CagK¥ ‘fos . 
= gyre Od ld 


_ "poy iyto Jordan Jo poy aur ay “HOTS 
¥ dsnays Jo. a)vI8 yt) pod ims) Vv Cy nd aayro ay) fo SY siulod 


a}ppius ayy uo na volsud} ([Ocalpis v tu) Suny O key PawaUuod Dd Spd 


fo ato nifoddo vo fo’ Sq siujod ofp yw ait, 
bo suis aaa yal [0 yaoMmotunas ponuot AJyJooUls yo Ge Na 
| 9.103 At 


yOrtyn Pp U¥L g 109 ; va 
‘ona a pasinbas ayd soala (ary yu g aig 7 sa 


ih JOD fe rm ‘ofe} 

- "e f et “0 199 CD BYIPIAI 
(gy ty wy mee go uis— | 10 
hg Puls U— 99 QUIS 2 Tv os 
JUBISUORES Yor SOD Up Y SOI D 

qun3y oy) twoly YoY) "Opis 
slueeq atl Yay: ul sayin. QU} UDddAVIOY BOULISIP- OYIOq Y JP ° 


ce ‘yo Bs0dTH=OGASMIAI—" | 10 | 
‘geagy g sco %4q D—- gg Y-SO9 IYV— ro 

p=? Uuis BhE/) gt — (2 US Del) oI SE YOM qeNUIA JO UO! 

eaibs out ‘Pere OF gosiayo “P pur agty 7 SOSUBYD Y yoryas ul 

juowase|dstp (retus P Ofsepun OF peulturuy oq sustog mu) 199 

‘ / *h us o-b ey ; | 

9 SF GQ, 2a0ge’ WUsloy ssoyM to 4B, stay 

09 AURaq ONT. JO FY YSIOM OL 

. sep teopietDonw=d)..” 
dade “YBISY asoum 1) Ailavsd. Jo odjue 

BU TN STAT yf pe RAG at) JO 144 USIOM ty 
aquy fuIoziuy paxy vs! QOD 9H | 

‘pavog ayi Jo SUIPes 92 3qQ Do 19°] 

. *prvog ay) JO GOO " JOVOWVIP late 
‘au APM. ayeur QO puke gO [pe ayy 
YOM -S9p3uHN 94} 3Q pb pur yg 1971 "ALSAN 
-oodsal: IT pure ¢ Avs osy: $4 But, gsoun 


ve Wi 


Z 


AN. 


MAO JOLLA 


. 
be ek a a, Ee Se ty a | 


misc gpd 


r ears oan ee se es td fi ee hen re 


= 
— 


ecSreattaina . 7 . an ; ; ; 
ee ee ye ace ey Te PT Gy a eh te gt te ‘ . . 


| Og pur gp tsciRog om1 10 “S1yRram | ayi oq ty pur Ad Tt TOS 
| ' 


, \ “89 ay) fo 548 pa:M ay) fo 
; ovina aur pins wntaqyinha ie stpavog aya fy \sagni Jonjyaad Yio 
_ Wy aps Yarya suivag oaiy.dg oouadafunadla 5} fo ‘giusod.uaatS Oms 1D 

| passaad s) pun aunjd joniozl4orp yioquis DUO s1sd.t spapattin adpa. pordna 


_ pup JD91}434 nee, sir yan papoy, dopngana-nas inf V : “E me 
‘\insal podinboas ot]).ss,ord ust = ee) 7 10 

4 | pac pe | eae Purytho Mery sf 

+ _ (gum pio uti 7) A rani nike umy)\7 10 


CLAD) Pum (Apel) gue... 


i * "198 OM (Z): Aq (1) SHIPIAICy " 
a (o | 


. ‘dg PSos=gggsoo' » | ‘10~ 
- "dg d 809 Mp=Rgg 9-809 Mb, "| yRty Os: 

(bts Dp DZ==0 UIS Op oO 

‘OARY OM 'OINSY OY) Ld oslv 
an 6g (L—M2) # Issey (Mp=Z).0 UIs 10, 


9 (L—M2) # Ws PT= AE (AL PL) BUNS, a 
Om ye HUIS AL OZ—Oe-9 WIS 44 Oe — Pep VIS AL DZ—" 
Ago WIS AiDp—99 8 UIS MOT HE > us LP: FOe.A UIs. 0% = 30 
O=(P son-vz+g son nz) OM 
(¢ $09 a8 $09 PZ) My 74 (g $09 7M) Q 2, One ee Tere) 1 oe -|-9° $09 02) or— 
St 410% Jenjsta jo uojenbe ony 
‘f S09 P71 @ 809 dsl v cad | “ 
{ aes ‘posireyo 2g Avur: 
WY W809} du] IPYI OS f Santos ‘aysoddo par jenbs-om <q gains’ og). 
oarjdei yuswoordsip ot Butals O10J9qQ BOJWoy} 'STQISUDIXDUT 9Q .01 
UOAIS St pyp Bulrys SUL YY Bulas ous UT VOIsud 2q12q. FIT 
‘77 POI 9q1 jo peoisul WY Zu}173 ous Buravy ur.900 Bulpooasd agi: 
E WOI] SIOY]P pe alle SIU (®) OC. XY ul se amsy meq: OS" 


lor Monyony] ($b tte way): (puny CHO MD) ples 

age So pod ayy fo jy 51a ayy oy s) Dutats ayy fo uo|stia4 au} 
AS 1D} AAOUd "POIANA JY) Tap Ayan foadsod % PUY g SarBuo ayo spod 
domo] OM? aYL Puy doddn aay “ain fi (Buy ays aygisualxau} uD ay aps. 
ansoddo ayy fo jujod ajppjut ay? 07 pautof osyo S} aI saUdoa ato 
‘woaf papuadsus st yanmautods UL ‘A ipSjam fo youd spoa wasn 
ponha anrf Jo pauitof sy ‘ ywomauinif perujol deed y ‘XR _ 
a |  *€B) ved ui $v paado do “10S 7 


phd SIs 
g 
Ea: 
F ; we * 
: 


Bion 1041 OMA» a. .. 2 ft. FF 


: /: :sdq75- Comm Vite 


5) 
QD 
oF 
as) 

Pe 


Pe ae aT ll ae To ee Sie 0 de - * wae 


a 
} ee 


wv 


in cor 


sep pes 


b 
\" 
' 
t 


& 
at. 


//t.me/upse_pdf 


https 


//upsepdf.com 


https 


//t.me/upsce_pdf 


https: 


wet 
or 
a 


. = ‘eae > ts 


’ ° . 
-e Nee 
ey 


a t eat ‘ =a. ‘ 7 
eM ING Me epegt settee ett elteette te tei pate 


‘seem ae tot & so 
a 


“ae 


46 . Virtual bork 


of the sides of the quadril: deral ABCD, therefore PSOR is a para- 
lelogram, Consequently’ ¢ e ‘diagonals PQ and RS of this para- 

. Nelogram hisedt each ne. 
Replace the string PO’ in equal and opposite forces. 7° as. 
Shown in -the, figure and: replace. the “rod RE b by two equal and 
Opposite forces Vv as shown In the figure, Now’ give the. ‘system a 


, - small displacement In Which PQ. shanges to PO-+5 (PQ) and.RS 
changes to RS+AERS), The lengths of the rods, AB, BC; CD, DA 


Se ee ee eres a 
- 


Send 
13 do'’not change. The equation of Virtual work is 
a : se TB (PQYEXE (RS) =O | . ‘ 
2 oF — TE(PQ) XS (RS) _ 
s nee S(PQO) x’. 
Pa Ee ee pa 
E 1 SRS) 7 gel" 
=| * Now let us find w relation betKeen-the parameters PO and RS 
> from the figure. Since OP js a median of the AOAB, ‘therefore 
a) ere eee 2A P2—=2 (POY +244 BY? 
= a ade mACP O24. - A B*). : our 1e(2) 
ld Simlitarl? from AOCD, we have | - ge 7 
2 ; OC? + OD*=} (PQ?-). C02), 16(3) 
3 ; : : 
| ; Adding (2) and (3);.we get. . 
5 OA} OB2-}-OC?4+-OD%=$ (2PO74AB2-4 CD) ,..(4) 
u Poin the same thing with AOAD and AOBC, we eet i 
g | OA? + OB24-OC24-OD2=} (QRSULBCES-DAY. (5) 
+ From £4) and (5), we get. oe 
& b(2PQ24.A B2-CD%)en} (QRSI4 BCR. DAY) ; 
E or 2 (PO%— RS2) ee BOR. DA2—A B2-=C))? 
a or. ° PQ2-~ RS%= constant, (8) 
© since. AB, BC, CD, DA are All of fixed lengths. 
2 Dinefeniaing (6), we get , Pi 
4 2PO 8 (PQ) — —2RS 8 (RS) = | 
és or 8 (PQ) RS | 
S(KS) PQ, (7) 
‘Equating the ‘values of FG from-(1) and (7), We pet 
Les ee ee 
Ps TP RS PQ : 
ei ha ot” The mite paluty of: the opposite sides ofa jointed 
quadrilateral are connected by light rods of lengths 2 PTT" 


‘he the tensions in these rods, prove. thes 


(Rohitkhand 79; Kanpur 78, 82}. 
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a | | ve 4 po 7 
os Virtual Work 2g et : a | 47 Be ‘ 
ag ye tf ss 7 re " — 
Bue Sol, Proceed as in x. .33, Here the rad’ RS is alsgin a state’ = 
ae of tension 7", The equation of'virtual work is ye a & 
ae: fat TS (PQ) 7'8 (RS)=0) a. + : . e 
. aa 1s) ae er cr a ‘ 
1 ct . : ie Rsy> o egce ate 4 ~ 2 ; 
eee 3 f. F 2 ac a 7%; - ao 
Bn Also | | | Race PQ! a's found in (ax. ie z ar . ro 
a de BS : | 
| an io To" ho .., A ! we 
ee cae ae ! | Sage 
ap | or. a a eee [‘" ‘in the position fags a _ —— 
if | —. PQ=land RS=i 
Hos, 35, ve rods are jointed together to fornia Salient. ee oo a | 
the opposite Joints.are Joined by strings forming the diagonals Od ag 5 
the whole system is placed on a:sindoth horizontal table, Show that, 7 l 
their tensions.are In the same ratio as thelr lengths. [(RohHkhand’82) . a : a 
Sol, A framework. ABCD is in the co a a. 
form of : parallelogram dud is..placed . : : . ” te i 
on a aa horizontal table. Let ‘Ty 4 a 
and T, be the tensions, inthe strings . B 
; AC and. BD-respectively, ~~ - 7% = 
Give the system a small!” ' displace- roi ed 
ment in the plane of the table in which AC changes to AC4. BAG) ; . 
and BD changes.to BD+-5 (8D), The lengths of the'rods 4&, BC,. 
f ‘ CD, DA do not change. During this displacement. the weights of , 
if the rods do no work because the displucement of their points Af + . 
Ft application ‘in the vertical direction is zero, The equation of virtual | 
1. work js a: os : 
a ~T, 8 (AC)—T, 6 (BN)=0 ee eS | 
y - ACs, : 7 a a? . 
;: i ¢-7 0) ay wel), ? | 
t Now let us find a relation between the parameters AC and 8D ~ : 
from the figure. Since in a parallelogram the sum ofthe squares of oo . . 
the diagonals is equal to the sum ‘of the squares: of its sides, 
therefore =! (~ : ; S 
AC?-L BD A B24 BC? CD14. DAruconstant, yh os , _ 
Differentiating (2). we get es . m i 
2AC 8S (AC): 2B Ds (BD)=0 — ae = 4 
oH 
| 
= i 
CORT ae ~~ BB 
a 
on 
as 


Bites Loa fii) ii se 


odosdn a pesdaye PPESTEAISRN TSS ec RE OORRS HGYE 


te ARMA 


SM 


cisssvaaiteeeel yagi ats, tte 


//t.me/upse_pdf 


- https: 


Joint Felegram for More Update : 


eee we ee ee 


- — 
a ee Ah IN A 


STIS 


NA 


verde 


=p aan ee: . ‘g ' ae pee Cary 
‘ \ peas ct <8 Ee ge aye, i Seb lat ibaa a yey 
“ah 1 5 . my bef. . 1 4 ra hey . , 
. wan wea ® 


1 1 1 


‘9 100 bg $09 It=W¥— VEO 


'9 JOD U—p $05. age Lk ome Dro = 
#3 ao ‘D Je oe? out QALY at a 


Pics mae "06 
sulBual gOR'Y oul ‘out Sty} auoay: pourisvout eq Im SOOUBISIP 34] 


pte poxy suleuros sBod oui Ruyurol v7 OU}] SUL ‘99 +4 O01 Seduvyo 
rt) yarn ul ielave cee pvolietuwas jews & WaqsAS oul PAID 


‘THD KU OVE © 
OADY aA “[RIUOZICY Ss} GG PUB BOL9A st 
OY jeucdutp yp "D Wied ISSAN\O{ OY1 Iv 
Bunny's] He wsIEM Y ‘Cg pue Oy sjruos 
“BIP 9u1 JO UolzoasioqUt JO jurod ayy 'O yu 
.  Buoe. Uaxey oq ura yg PUL GD ‘Dg ‘aV 
"Spd oui [12 JOALp IYBIoMm [nj01 ONY +7 
st snqMoys ai Jo pod YoRs JO yiRual sup 
‘OT Fa PUB [OAD] StUUS OY 1e Ose YO[YAr 
| pure y sosed yjoouws on] Uo 189d ysomaureds 
oy} JO Uy. PUL HH Spal UL . “JOS 
- GAtetat yy ay ss . 
GAH hb) 8 
loyt aavdd ‘JOHfMad dy) iy ( A/BUD UO ONO SINYLOH. Ot! a yapiy 
ays fr’ ‘aod ysactop ‘ay} io Suny sy A yards, Yo *}4vdd DZ doud} 
“SIP +O ID PUD }aad} aBwups ‘Oy} dn" Ss Soul yioours Ot? Ue tat JIM}UOD. i} Sapts 
. LadIM' omy ij. yIfOr Ct[G2ptJatuUItN S7sdut rp sypos yous yin] yiduos 
prin’ Aq 1Yysjan fo yore spod-fo patos Sp Ssaquoyt Po ALEXA 


‘OF pur gy $01 341 Jo sjufod a} ppl 
oq ae Apu 7 pus g sdod _— ‘MIVDIDY 


(eAd—=2) Fie =[e@/) ¢m ve} = 
(> jos99 ¢- V2) SP. a a. ve 


‘oSb= 0 ‘wuaLidytinbe Jo uciisod oy) ul ing 


DYI MOlOQ UdHe) 


(9 92800 gkvz) g uri or - a 
7 
an wy 299809 qo Uls bZ) us et | iv 
§ 2098Q9 MOG. UIS YT=Y $09.7 10. 
OTGe Si] ‘OG 299800 MO+O US HOS 8 fe a do 
O= 99 (9° 299809 44 9-4" UIs MOT—B $09 4/ B) b 10 
O= 9g 8 bS0D MGP+Oe | MIS MDR—ge g'SOd LYp 


O=(g 109 9—9 soo 82) SH. v-h(g UIs Ob) et. 
: st 40m qeniaya jo vongnbs, sya 
| yO, Jom A 


rr ee ee © et Pa Aen re © ee rhreeitebe oe 


S77. MOleQ 2 Jo yidep our puL 


. 
' 1 
‘uM athe ‘ 4 
a ee oO Se BY ree a ae | 


/ + Od" spill / / sy nto 


soft ' a, 
aie ts jen Fi hee ON ee at, a tay ei 


“fl 309 G—-@ $09 Oge. a 
g 100 WY y $09 2 yV= = HV Dyas QWs of ore 

‘7 DU paxy ay Moly D Jo yidep ayeosyy 

gUIS Pps Quls OCC OgeS I 
BAUY 9A\ 
SUOOMEeL Ou, 


S300 OU op sdad aul iu 

‘Ore Bunoe At p lydiow ays (i) pux tag pos ati uly isnsys ous (1) 
oie SyIOM [ONIIIA jo Wns ay oF Sup Ng UGS SPO10] auL 

HOG SHI 2, ADH; YOULL ‘soBunyo Aq yuo 
aur pur sBueyo 10N.0p KG ‘7D ‘Dg ‘gb SPO. ‘auy Josyisuay ony 
“OUTT SIU] tuOlJ Posnseou aq {IM SoUuLsip O41 PUL paxy SUseUsaL 
sfod -ouy Sururof yz our ath ‘egg Od SaBuBYS | tory uP uot 
-2d8!dSIp [volawurés yuLus v waists a1 BAI ‘aindy syd uy UMOYS: 
st yf saosoj ousoddo puv junbo ons 44-79 pos-aup souldoy | 


7 ‘TKO YS “e=OrE 7? 19, puv 


oO . Gi por ayy uy insu} Of] 9Q- 7 97 

| 7 Oy Jo lujod ajppru ayy ‘D 1¥ 
Sunyov. udxuI 2q ULS VG PUB TD ‘DE ‘gy 
Spod aur |[8 Jo Ap UBIO [BI0) OLD “HG 
pur GD 'Da ‘gh spol sy} JO Yous yo 
yiBusy 94) 99. DZ 197 beak f PUL [Adq. 
QRS 94) 12% Oe YdUMm Y Pury sBod 
tnoows paxy OM) UO WA AlomMoureyy 
Our JO GY PUN OY Spos OU "tog | 
7 . . “OG pos 
OU) UL SSALIS BY) PULS* "Jalal OWUOS. AY} NO J4VdD OZ dIUDISIP B10 a4D 
ory sBad yroows PpaxLf Catt 211A 120/409.) GY YY PUD > eogo p 
‘yojuoz4ou Gg yltat eup/d [92)}4a\ D t) pajtoddns $1 puy Wg pod 1738)] 
vb dq adoys uj iday spiyalyat G@DgQyV asunbs’o tulof 0}. parulof Kjaaaf 
aD “in 1YBlawK Puo BF yisuay Jo yape ‘ypos Jonba WNOY "YE ONY 


+ 


SETTERS eet Lh Oc 


| 9 ’ 1 ‘sauna pauylouy Uo ° 
Jo \sdod UO dufpsar SysOasWIBsy 40 S91HOq O} PUL E[Ia swa(quid : 

| 'SSus21s 947 Jo suisue} oy) jo onus sip ul aut suojsuior 9") 

7 LA OM 7 i. a 

deg ne 7 " 
if ola) 

| ag a1, ; ; 
103 OM '(¢). pue (]), wor _ 
io co) (ga)s. io 

Ga oe a 

W404 [DNA ; Up 


Hes 


fs Saale eR er ae ee ee ee 0 Pee 


C0 AROSE ET 


ed 4) ra 


Se et Re 


CHAR 


ngs 


roe o Haste 


ss 


ial 


eer wientarae 


' es ue 
. 4 > - 
ee seyeea geben eles 


//t.me/upse_pdf 


https 


an we re re et 


//upsepdf.com 


https 


//t.me/upsce_pdf 


: https: 


be) 
pela y 


| 
| 
| 
| 
| 


Ebay Set OREM ee Ee eS 


Las 
‘ede 
Te ee ee 


a 
. 
50s Hes : ) 
*, _ ; Virtual Work 
The equation of virtua] work js 


4 8.(1 cos O-—a cot 8) W’'3.(21 cos @—~acots)=O ° 


OF » 4) sin 8 80-442 W cased?’ 86-2) HW” sine 88 

, ‘aa hal! cosec? § 8620. 
or [a (4W4. Py") £0S8¢C2 0} (4W7-4-217") sin 8} S@=0., 

or a (4 U%- W') cosect 6 / qIP+2W) sin 0=0' ('." S80) 
OF, 8 (4H + W!) cosec? B=) (47-4247) sini - = 


2 (4 


LE 4WA2WY 
a-rhombus with four rods 


. 


or ', sin? @ 
. Ex, 38. ABCD fy 


' AGC L) a each of length | anet 
| negligible welgar Joined by smooth hinges “A weight "Wy is attached 
a 10 the lowest hinge C, Ghd'the frame rests on two smooth pegs ina 
z horizontal line in contact with the rods AB and AD, Band Dare in 
S| a horizontal line and are joined by a string, ‘If the distance of the 
= Pegs, apart ts 2c and the angle at A is 2s, show that the ‘tension in the 
s String is og | : | “ 

Ps : tan tt 5 ‘roses 

2 Wetan «(56 Cosec? om | _ | 
far ! ee . , } 

= Sol, The rods ABand AD of the : 

1 frame rest off two smooth pegs © and Pe 


which are Inthe game ‘horizontal 

and BF'=2c, The-length of cach tod 

, ‘Of the rhombus-js / and the radg " form. 

Ing the . rhombus are ‘weightless. -A 

Welght W i$ attached to the lowest 

- point Co Let -7 be the tension in the. 
String BD. . We have 


| LL BAC=a= ACAD, , 


Jine 


- A 
4B 
ELZIEN, a 


Join Telegram for More Update 


The diagonal AC. is\ vertical and W 
BD is horizontal, \ 2s 
Give thé system a sma | symmetrical displacement i+ whi 
. 6 the Sy. sm mete, splacement in: Which «. 
he distances wll bémeasaece Te ee he ms oma Reed and 
90°, We have red'from this line, The £AOB remains 


BD=28O.=2AB sit o=2l sina, 
Also the depth of the point below EF 
| =MCmAC—AM =240~AM 
7 =2AB cos o-EM cot u==2I cos a—e cot «, 
| -The equation of virtual work is nN 


= T8 (21 sin a) + WA (2/ cos uc cot %) sa 0) | 


or —2lT cos. Sa—2/H" sin x Sa We cosec? iS 
s : a: ‘ oo 
or (—2/ T:dos o—2) W Sin a. He cosec? «) Sera 0 : 
oF = 21 T COS wm 2) Ye Sin ob He cosec? o == () [‘) 8220] 
1 Ane ee RY ET TTT PT IETS LOTTO TENETOS HOSEL ROPE HSIETRE SHRED PALE LS TS TI 
| 


u 


a Ob tw Pepe ere eee ee en! See SSH wpe Ge Cela eee ements ee sae 


ee er eee Sy Pree Gre tere my eee - 


af 


| 


ores trite tas 
RE 


B) dosdn JF Ga 0G a 
bay a4) , is \ | . ta Lal y © 


oem we ee 


ane i 


. _ S 4 
; : , a 
: h ‘ ‘ , vee at A shits? Catssen oad: Apa AV Rane Nuaeaeogcinteineeais| istaaleituibiriois sdidinpsOiaidcasteeadas) eetigs . 
| = 
S 
\ o 
| : Fi 
; ‘ , = 
~ ae | > ft 
Virtual Work . a = : Sh : | é | 
or 21 T cos o= He cosee? a—2/.W sin « ie | = 
— sec? a—2/. sin a] | F H 
or Seal irs (We cosec? « 2) , sin a] _ _- bate , 
= H.tan « Fa cosec? o— 1 | ig i = oe : 
Ex, 39. A rhombus ABCD formed of four welghtléss rods each : 
of lengtha freely jointed al the extremilles, rests in a vertical plane : 
on two smooth pegs, wileh are inta horizontal line als ant 2¢ apart . 
and.in contact with AB and AD. Weights ‘each equal to’ W are hung. . 
from the lowest corner € and from{ihe middle points of. two lower. co | 
sides, while B and D are connected by a light inextenstole string. Uf : oa _ 
2a be the angle of the rhombus at'A, apply the principle. of virtual 7 ; 
work to find the fension ofthe string, * | 
Sol. .The rods. AB and AD are in | : i 
contact with twq,smooth pegs # and F , i 
which are in a Horizontal line and.: ; - 
BPex2t, - oO 
The length of each rod of “the rhombus 3 & 
isa and the rods forming the. rhémbus.  .% 3 oH 
fre light. Weights each equal ta'"h/-are. & 
hung ‘from the lowest corner C’and fram a ft 
the-middle points P and Q of the lower | a 
sides BC and CH, The diagonal AC is ' S t 
vertical and BD is horizontal, Let Tbe & i 
the tension in the inextensible string joining Band D. We have ; = te 
VY BACRa=f DAC 7 _ } | 
Replace the'string AD by two equal and opposite forces’ 7' as 
shown jn the fighre so'that the distance BD-can be changed. Give 
the system a small symmetrical displacement in which 4 changes to ae 
a4-8o, Theline EF joining the pegs'remains fixed and ithe distan- 
ces will be measured from this line’: ‘The “-AOB rema ns OF. . : 
We have . | mie 
BD +280 =2AB siti am2a sin x. = : | 
The depth of C below LF=MCSAC—AM | “i ge ; ; 
=240-AM=2AB cos a—EM cot «. se \ 
2a COS.a—-c cot my ae . 
end the denth of P-or O below fie 5 
, =AN=AM 2 IA0—AM i 
w= 2acos7—c cot», . . , 
The equation of virtual work is | = i 
~—78 (24 Sin 2) +4-WWS-(2a cos u==¢ cot x) ° 3 Z 
| | 2H (Racosa—ccoto)#O = - if 
or (2a casia— 2a sin 4-f Ihe cose? ae 3a sin & : i 2 2 
, +2eW -cosect 4) See) = 
, , = i 
‘ . 7 ' D) 33 
' , - 4 ' , ry ” = | 
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i. a ae : ae ” 
t Virtual Work: # a Virtual Work = 55 | 
and COS Dar 4/(1 sin? Bye /(] — He) a ae | = | 
: sa 46 i LA b mi? | is “, frony AAO’, we have. = | : 
: ; ei SSS ee eee pinned YW’, i ; : BO 4b 6 i ¥. | 7 
aud a a ga Vimar eT) : | 
., Bxi:42, A rhomboidal framework ABCD is formed of four equal Te . Se te “ 
light Pods of length:a smoothly jointed together. It rests i vertical a « absec fink? and -cos Us= 4/(1 —sin?' 8) : 
plane with the diagonal-AC.vertical, ahd the: rods BC, CD-in contact Wee fe oe (4a2— 52) | 4 
with smooth pégs ti:the sarse -horlzontal line .at.a: distance ¢ apart “Ge = /( _— a)= vi ia 
Ai esas it oP by alight rod of length b. Show. that ie ae 4a? 2a co | 
We Ing pracea an tite Alghest Jot , ; my substituting di (P), we have - | 
a thrust of maghitude a the Alghest Jotat A, will pionace in BD a ee }20) ous ae i . | : 
: W (2a%e— b?)/D3 (dq? 2)112, : ae | Pe dai{V (Aa? bi/day BT aT— BF 
, Sol The rods.BC and CD of a rhomboidal:- framework 48CD By Ex. 43. ‘Three rivid rods AB; BC, CD each of length 2a, are bas | 
are 1n contact’ with two smooth pegs FE and F which -arein the ae smoothly Jointed at Band C.The'system is placed In.a vertical plane | , 
same horizontal line and. &F=c, The rods forming. the rhombus iB so that rods AB; CD are in contact with two snooth pegs:distant 2c. | ; 
are ‘light.and the length of eath rod forming i lapart in the same hortrontal line, the rods AB, Cp make equal 
the rhombus fs’a, Let 7.be'the'thrust inthe f angle o with the norizon. Prove that the tensionof the string AD | 
light rod BO"jojtiing B. and. DvA welght 17 BS which will maintain this configuiation is ats 7 : ‘ 
is placed at the highest Joint 4. “In (oF AH’ cosec a sect-«. {(3¢/a)— (3.42 ¢os?'a)}, | > ot 
a! eta , Olnt A, In the post. th. \ : ’ yet ef ‘ ad ; ' tens ‘ 
re eae : 3 where B' ls the weight of either pod. 7 a 
ton of equilibrium, BD=b, The, diagonal A Sol. Three rigid rods AB , : 
AC is-vértical and.BD. is ‘horizontal, Let . : : . ? . = 
oR ; s. aoa fi BC, CD, each of length 2a and 
tow ACm b= /:CAD, Be : Be be P ae 
a ae oF weight }¥ are smoothly jointed 2 3 
Stepan tod BD by two equal and ub atBand C, The rods 48 and CD. , 
Give the oe . aie oe 4 wre in contact with two smooth 
renee eae see symmetrical - displacement about the’ ver- ay pegs Gand F which are in the 
eal‘tine AC in which @ changes to 0-459, The line EF joining the te oe ae 
pegs remains fixed, The'lengths of the rods AB BC OD DY dc f same horizontal ‘line and 3 — ap OD 
not:change and the length 8D chabges. The. only: forces contri- if EPS 26. | S ope | . 
buting to. the’ sum of virtual ‘works, are-: (i) the weight W placed of Let 7 be the tension in the string AD joining A and D.. The © : 
at A, and (ii)-the thrust Tin.the rod 8D. The reactions of the BS weights of the rods A&, BC and CD act at their respective 
pegs Band £.do not work. .We' have ; it middle points. . | - | 
D280 =3A48 sin b=2a sin b a We have Y BADSamZCDA 7 | ee é | 
Also the height of.A. above the fixéd line BF A Give the ices a small, Ly micettical displacement in which. : : 
=MA=CA=CM yo a changes to a Se. The line &F joining the pegs remains: xed, ; | 5 
. 4 8 20A=—CA 20 cos 8@—ke cot 8, 1: The lengths of the rods AB, BC, CD do not change’ and the : ‘3 
The equation of virtual work is , length 4D changes. : Lo oe i 
TS (2a’sin Q) = Ws (2a cos G=te cot é)=:() We have, — : " 
ort. 22aT cos 6 §6+-2a W sin 8 SG—4e¢ ip Se ae AD: AM-+MN+ND j _ . | Me 
or. (2aT cos P-+-22W sin 0—t¢6 Weosec? 8)'SGad } pu2acosa+dat+2acos¢ qT ° 
or | 2aT cost ai ats oct 4 faved Nps : (‘y 84540) | ‘eda cos.at 2d, ©. a ae 
- 2aT.cos Otc W cosec? §—2alV sin 6 The height of Gy or Gz above.the lixed line BF 7 = x i 
Or Tox w, be Losec? 62a sin 8 =HP=HE—-PB=EH tan «— BG) sin eA ee re , 
3 : J Qacose vat) | =} (2¢-20) fan a—a'sin « <a : { 
But‘in the'position of equilibrium, we have " (ona) tan apa sit é, es 
BD= so that BO=4b, and the height.cf Oy above BF. ! I 7 : 
| ; ee Bae (¢ a) tan a. os of i : 
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58 | Virtual Work 


Sol, Let AB be the rod of length 24 and.G its middle point. 
Let AAf, BN,’ and GH be the: ‘perpendiculars 
from A, Band Gon the horizontal line a 
(htough O, the point of intersection of. i 
the’ Inclined planes OA’ and O8 The 
weight W-of the’ red acts at G and ‘in 


equilibrium ‘the, rod: makes an angle 6 
with-the horizontal. ad 


Give the rod a stnall displacement in which @ changes to G+ 89. 


. 
a 


The horizontal line MON through. O is the fixed line from which . 


the distances will be measured. The angles « and B remain fixed. 


The-only force, that contributes to-the sum of virtual works is the 


work. We have : ; 
the height of.G above ihe fixed fine MON 
= HGrat (AM- + BN) =} (OA: sin 44-O8 sin BYe 
Fram the AAOB by the Sine theorem of trigonometry, we Have 
* OA © OB . ‘AB 2a. 


= C ess" imweromen oo 


sin. (8-0) sin (+0) sin (®—(e-t6)} sin (aE) 
OA ma 2g IB 8). & p20 sin OF) | 
“ OA=2a Ary “BY OB= a Gam i 
ie {O88 sin Ar cco) {sin (B—=@) sin a+Sin (G+) sin B}, 
The equation ‘of virtual work is. 
—WS ia) 0, or § (HG) m0 ! 
or 5 lane Ca {sin (f— f) Sin@+sin (O-+e) sin’ B} x0 
or a neCr a) [cos (8—8) sin a+ COs, i sin p} 30 x20) 
or —cos (B—) sin, mr COs’ (G+ a) sin Bre , [.' 00340) 
or — (cos B cos b+sin B sity 8) sin o. : 
; . +(cos @ cos asin 0 sin «) sii B==() 
or 2 Sin a sin B sin. gmcbs 0 (cosa sin B-cos 8 sina) 
or tan U= } (cot a—cot 8), giving the inclination’ of the 


vod to the horizOntal in -the position of equilibrium, 
Kix, 47, An lsoseeles triangular lamina, with Its, plane’ vertical 
rests with [ts vertex downwards, between two smooth pegs in the same 
horizental line, Show that'there will be equilibrium Uf the basé makes 
ah angle-sin'! (cos* a) with the vertital, 2 belng the vertical angele 
of the lamina and the length ofthe base being three times the dis- 
fance between the pegs. ' . vee 81, 84P)} 
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Virtual Work s he, 59 a F 
t , | ; if 
r s{ 
Sol. ABC ts an isosceles triangular lamina in whidh 42= AC. on i 
The.sides AB und AC rest on. two smooth r ie on j H 
pegs Pand Q |which are ju the same- ; o 
horizontal line. a ' f 
Let PQ=u'so that BC=s3a, I : 
If D istthe aniddle point-of &C, then | ,: 
the centre of gravity G of the Jantina lies ! 
on the mediun 4D and is such that . 22> 
AG=2 AD, | ; ' 
‘The weight of the lamina’ ucts verti- es ; ; 
cally downwards atG. We have . ; ae" 
LBAD=LCAD =a. or 
Suppose j in equilibrium the ‘base BC of the lamina makes dn: oo 
ungle @ with fhe vértical, Since the angle between two lines is oo : 
equal to the angle between their perpendicular lines, therefore _# 4 ’ 3 
“DAN, (Note that D4 is pétpendicular to BC and AN. is per = 
pendicular, to the vertical line. NMG}. . S 
Now LOPA= LPAN= a— ' . sy } 
and Zz QAL=n—(8-+0), - = 
Give the Jamiria a small. displacement in whieh 0 ‘changes 10 J 
U-|-86. The line ?Q joining the pegs remains fixed: und the dis- fe x > 
tances will be measured from’this line. The angle a remains fixed, a, 
The only force ‘contributing to the sum ‘of virtual works is the | 5 
weight {7 of the Jamina acting atG> -We have, the height of C | , 
above the fixed line PQ | , ! 
: =MG=NG—NM=NG=~ LO | ! 
AG sin G— —AQ sin {r—(0: i%)} a i ! 
uf AD sin 6+AQ sin (8+2). ; 
Now AD=CD cota=$acots, Alsd from the A4QP,-by the _ 
sine theorern of trigonometry, we have ‘ A 
AQ me fO yy AG ed 
sid APQ sin PAQ ""'''sin (@—0) “Sindw . © i " 
1 AQ Sy, Bin (042), os a , G 
5 : a | t | ‘ . : 
¢ we, a. 5 ft are ey aes f az ~~ ; eeu 
Be MGus% + acot « sin é on sin (U =) sin a x) eo ; 
‘mea cole sin 0-= 5 = ae sin’ (@—) sin 0-4) | ; : 
! ' 4 oA { 4 te He 
a | . i 
as afew een pl tim oti Cc . — i 8 . 1 oF \ 
su cote sin’? rastraee = cos 28) , | | i 
a.cos 2u a GOs. 28 2 Z 
sacotasine—Fevaco ate sinacs a: ! , FE 
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' | Virtual Work MRE Virtual Work a ae + ee _— = 
the circle.at M, then:Z OMA = 90° and OA/'==the radi icles se ee : ae ee eee % >> 
a <s ens =the radjus of the circle So The oe nay work is . oe - & 
ive the rods a_ small. symmetcical displacement in which @ as = 78 (21 cos 6)-421w5. (7 sin b—r seed) 0. ne | r= 
changes to 8-+-86,. The point O.remains fixed and the point G is : or IT sinld 86-4+2/w.4).c0s p5p—2lvr sec $ tan d Spz=0 _ Z 
slightly displaced. oa — ; or (2) Tsin d+/%w cos P—2lrw see d tan d)'8p=Ql | 
The LAMO remains 90°, We have . Ts Ger ig do n 2): = (} ; _ 
the height of G above the fixed point O eu Ae ee cos o—Alry'sec dtang=O Jj ['s 8h540)" 
- mt OGROA—CA = OM cosec 6~AE cos 8 . ies aa Bar ae | | a 
: =72 cosec bd cos 8, Or ‘ee ' , i ay 
The.equatton of Viriual. work is. ae aT sin (2/ris sec. tang / i cos h) . i 
| ~2WS(OG)=0, or &(OG)=0 an nav (7. sec? p=} cot’gy. : fae 5 . ‘ 
|S sh . 6 (a cosec 8—4 cos 8) =0 alr: Tf the string: is slack, T= 0. So putting T=:0 in (1), we-get © i i 
| or (—a'cosed @ Cot 6+ sin 8) 86=0 | | BE — | Orn w (r sec?’ d —4/ cot.) a ay ; i 
r OF “7a. cosec 6 cot 8+ sin b= 0 ( 8@40) LY or r sec? g—4/ cot. pmd' © : a 
‘|é or a cosec b'cot J=zd sin 8 or or (L4-tan? 4) = $/ cot | ae | 
- or ve e . a or a nie [ ] +ta 2 d) _ ' | 
MX. DU, Two egual rods, each ef weight wl and length |, OF es zstan d--tan? &, i 
E hinged together and-placed astride @ smooth horizontal clingy tec! = cone Fas a: oe 
i> peg. of radius'r.. Theri the lower ends are tied together by a string . ee ee ee eae oon nea ae i 
i} 3 and the rods-are left.at the. same‘inclination ¢ to the haSizontal, Find @ paint at a distance ¢ from each of the.ends A,“B.whith arc: connece’ Ef 
(8 the tension insthe string angl Uf the string is slack, show.that 4 satts- ted hy @ string of length 2¢ shires “The rods rest ina | vertical plane". s o 
De fies thé. sae i , palaces 3 ae a with the enels j and B on a‘smosth horizantal table. | Assmooth ttre: | A - i 
: lee an d+ tan pedll2r, [Gorakhpur 81; P,C.S, 78] cular dise of’ tadius a and: weight Wis placed on: the:rods above O 8 | SR 
2 ol. Let AB and AC hé the equal with its planejvertical.so that'rads‘are tangents to-the disc. Prove - | 3 8 
3 rods which are placed on a’ fixed hari- that the tension of the strifig ts ee, ee ees eS | = i; 
5 zontal cylindrical peg. In, thé: figure a 4W (ale). cosect a-ttan eo). = ~ ; 
os me Nave Shown a. cross-section of the Sol. If FY is the céntre of disc, then the weight |’ of the disc | 2 se 
< cylinder by a ‘vertical: plane passing acts at H, The ends 4 and @ of ‘the rods jy. is a - & ie 
; through the, points of ‘contact of tke AOC and BOD hinged at O are placed - | is : 
a) rods. This cross section is na Circle ona smooth horizontal tables Let'7 be i 
z whose centre is O and radius isr: We the tension in, the ‘string 48. The tine ‘i 
Bb have AB=ACe/, The line AO js HO js vertical and meets AB at ‘its middle So 
a vertical and meets EC at its middle 7 Or BOWE nee os ! 
2 ,; _ Sat | i. AORLO=e and AB=2e'sin a. saa, 
a Laced mH Wi ths ‘wand /w. - the rods 48 and AC act at Therefore LHOM= / BOM=me=/ HOD, ' gente : 
m ; Fe) e ts £ ar ‘ Sy are eeg tie oe : ' } 
S| thesting 2G. "Wehage ny? we Let he the tension reais fof POD Rowthes the dise at, then Z.OBH=90" and | : 
LABC= 4 ACB=z4. ; en —. cae _— ee oe ao : 
If the rod AB touches the circle a= ae point M, then Give tho system a small symmetrical ‘displacement about the: ) 
LOMA=90°,'7MO4=90°—/ BAD vertical line HOM in which o changes to 2-+-de,, The: level of the. . 
| 90° (90° Jey, | line AB lying on the table remains fixed, The point H is. gightly l 
OMser, Also AEs 4, | displaced, the length:A@ changes and ‘the lengths.of the rods do |. 
‘Give the rods a small Symmetrical displacement in which 4 salon anor : a rad 
changes to $-+-8¢, The point O réthains fixed, the length BC changes We have ABe=2e sin a, .. 7 | 7 | 
and the points £ dnd Fare slightly displaced. We have. , _ Also the height of HY above ABaMH=MO+OH | Ca 
BCs 2BD=24 B cos G2! cos 4, =AO cosa+HE coseoa=ecosatacosec a, = | cS 
pee eae of E or F below the fixed point O ; ! The equation of virtual work js *. + = i a 
=Ofl'm A H=--AOmAL sin d--OM sec p='}/ sin dr seed. —78 (2e-Sin a) = H4 (¢ tos'a-+a@ cosec a) =() of, 2 
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Equating the two values of 7, we have 
21¥=4W (2 sin 0—1) 
}==2 (2 sin @—1), or 1=4 sin @—2 
of 4 sin @es3, or.sin 6-3/4, or Osesins! (3/4), 
“ invequillbrium the whole angle between A& and ACG 
== 20ee2 sinm! (3/4), . - 

3 Ex. 54.° A heaby elastic string, whose natural length fs 2na, ts 
placed rotnd.a smooth cone whose antsy ly vertical and whose sei 
vertical angle tsa. If Whe the weleht and \ the modulus. of clasti- 
city. of the string, prove that it will be in equilidrium when in the 
forn of a elrele whose sr is ee 

a Lt are cof x) 


(Meerut 77; Lucknow 79; Gorakhpur 80; Kanpur 88; P.C.S. 79] 
Sol,. OFF is a smooth fixed cone 


aw 


of semisvertical angle z,.the axis OD of 


string of*natural length 2ra.-is placed - 
round this cone and suppose it rests ‘in 
the form of u-circle whose centre is .C 
and whose radius CA isa. ‘The weight 
W ofthe string ‘acts at its centre of 
gravity, C. Let Tbe the tension in this 


string.» . 


_Give the-string:a sniall’ displacement in’ which vx changes to 
x+6x, The point O remains fixed, the point Cis slightly cispla- 
ced, 4. a'i8 Axed and the length of the string slightly changes. 


We'have the length ofthe string AB in the form ofa circle of 
radius V=s2ex .and :so the ‘work done by the tension 7’of this 
string i§ — T8(2rx), . &. 2 | a2 
Also the depth of the posnt of applfeation C ofthe weight H 
below the fixed point 0 / 
"mt OCEAC Cot asx cote, . 
and so the work done by the weight W during this small -cisplace- 


mens — SWS"(X cof a), 
. Since the reactions at the various points: of contact do no 
work, we have, by-the principle of virtual work 
=T8, (Anx) +H" 8 (x cot «) =0 
Or —2nT bx+ Woot a bxeD or (~2rT4- W cot a)av-0 
Or | ; —ArT'+ IW cot x=! fr SxatQ)] 
or =(W cot’s)/2m, 
By Hooke’s Inw the tenslan 7 inthe clastic string AB ts 
given bs , : 
‘fi eg APR TAMA yy NG, | 
7 270 al 
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Equating the wo values.of 7, we get 
YW’ cots: >. N—a fc 
nae e wie 8 r= A tite men | . . ; 
Qa: fl : ; 
a’ . + we " 


Nine Q ee pete te ; 
ar , mrs Wecota 
\4/ 


or Y-=-@ (1 ole taney cot %, F 


: ana 
which gives the radius of the string in equilibrium, 4 
Ex. 58. Aa endless chain of weight W rests in the form ofa 
elreular band round a sinoath vertical cone which has Its vertex up- 
wards, Find the tension in the chain due to its weleht, aksumine the 
| verticle angle of the.cane-to de In, 6 ; 
Sol, Proceed asin Fx.’34. Herein place ofa heavy elustie 
String of weight HH’ we have a heavy endless chain of. weight - 47,’ 
If 7 is the tension in this chain, then proceeding asin Ex. 54,‘we « 
gel "  Pe(W cot atm a, 
' . ‘Problems in which the nature of see to be found out, * se 
Ex. 56. ABCDEF is areguitir hexagon formed of light rods: 
smooth jointed at their ends ith a diagonal rod AD, . Four equal 


Aland state whether it is @ lenstan ar thrust . 
| Sol, Let 2a be the length =~ 
of cach side of the hexagon, The 
) fwur forces, eacly equal to Pact 

inwards at the middle pointsor, 

AR, CD, DE. FA and at mighy . 
| «ngles to the. respective sides. 
Let Ad heahe middle paint of AB 
where the force. 2. acts, 

Let us fassuime that? the. 
Stress In the ‘rod A/) is thrust, | 
and let it be 7 . ae I ee 

fn the beginning we should not ossume’ the hekagon to bea 
regular one, for. we would give a displacément which) - will alter the 
| length of 4, without altering the ‘lengths of the sides of the. 
| hexagon, . 


Replkce the rod AD by ,lwo equal and oppos|te forces Tuas 
shown in the figure, Take the centre O of the hexagdn as origin, 
the line Of as the axis'of x and the perpendicular tine OX joining 
? to the middle point K-of BC as: the,.axis. of. |Now give the 
hexagon a small symmetrical displacement. about the centre O in 
which the cehtre O reniain’s fixed and the Jinex OX] and.OY alsa 
remain fixed! @ changes to 0-1-8, the. polnts .4- and /D niove on tlre:., 

- axis of x ang the points Av and // moveon the akisofir. The 
length 44) changes and the middle “points of ABCD, Di and f4 


are slightly isplived, os : 
lei , 
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vocet peaman erme Aaenene te ek eRNT PERE OS atte B mi ANT yah P ANE Foes Sot MMBBNMN A SOOINE, Fe Ele Or hy OLONE atin Saat Dated tutayes, fast 
ie, 
: ‘ ie 
i. } Toe 
: W ’ ; Virtual Work. a 
i Sling passing round a smodth peg at the Joous. Prove that in the aes 
i position of equillbyinm their weights are Proportional to their verti oe: 
i cul depths below the axis, - [Kanpur 82] aut 
: : Sol. Let the equatlo eae a. hoa : he 
i sh. ‘ne equation of the parabola be: y2esdux, For the ate 
7 sake of conveniénce the vertically’ downs. | 
: wards direction has been taken as. the - | 
! _ Posttive direction Of yeunis, 
| ___ There is a’smiooth peg’ at the focus | 
i . 5 of the parabola, Let PSO be the string 0 i ais | 
12 oF length / which passes over the peg at 
i | 5 S. To the ends of the string two rings «2! >) 
= | and Q are attached which can slide on [Sere 
a the parabolic Wire, Let wand iw, be Y “2, fi: i 
i|> the weights OF the.cings P and Q respective! i oui 
: hs nT, | y Theo-u weight tha 
|| & Mee ae © anda weight irs uots at Qo Let (xy, 94) and (x9, 3) be na 
2 ‘the vo-ordinutes oF P and Q respectively, a 
bye ede tHe rings a smal| displucement in which 4, changes to Se 
! 2 AN aed and -y; changes to ys-s-8v2, The line OX remains Axed i 
ils and the’ length of the String. PSQ reniains tinaltered so that the na 
; | work done by the -tenston in this. string dur i ive BAY 
A. inee - On  tnis § during this small dis ‘eet 
i |p placement |s zerc. The'equation ot virtual work is fs 
|e WB (y)Bwe & (9) en 0 att 
2 Or N a Ww oypm — Wa Sia, : 
| _ Now det us‘ find a‘ relation betwe arameters jy) andyy 
. from the gure. 7 en the paramesers J 1 and) Eo) 
= We have a | . _ Ri 
z the focal distance SP=a-jx): - | - eae 
bb _ ‘nd the focal distance SQ atx, i Bae! 
P i ’ ; a *e. : “hee ; 
ol va SP 4-SO t= 2a+ yy x, 3 “Egy 
sa pap Yt Yate Y BE 
a or , be Qage CL 22, it: 
6 aif. a —f 4a” ae (2) Ber 
5 Differentiating (2), we get | iB. 
24 at 2) wae: 
Vea et Sy, 4222 » ae 
dP 21d heals 2 (3) Bx 
Dividing (1) by (3), we get ie 
My We, Ras as ha a aig , ie 
a #u., Weights are proportional to their depths, 


. ‘, Tivo small rings of vgtal iveights, slide-en a sinvoth 
wire.in the shape of a parabola whose’ axis ty vertical and vertex up- 
wards, and attract one another with a force which varies as the dis- 
_ lance,» Lf they can rest in any symmetrical position onthe curve . 
‘Show that they will rest incall synimetrical positions, 
Sol. - Here the-vertex’O ‘is fixed Takin vertical |i , 
- 4 ae) ; : the vertical line Ox 
ds the axis of x, let the equation of the parabola be p==4ax, 
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Suppose the two rings oacly ol weight . 
Ware in equilibrium in any ones synmnet., , 
rical position Pand Q. If (*, ») are ‘the we 7 a : 
coprdinates of P, then PQs2y, j | ; i 

ow force gf attraction og gach ring _ " i 
(Plor Q)==A.2y and this force acts at /’ In | i a i 
Iie direction PQ and at O in the direction. ee ce ' | \ ‘ By 
OP. s a ‘ : | 5 : uy 

A weight atts at # undid weight W acts at Qs Give the . ee Ht 
rings a small displacement in. which . changes to y-+Sy'and x ' “ ; 
changes tO V4-Ax, The line-OY remains fixed, ©: ea Sas 

‘The depth of ? or OQ helow OY is x and PQ=2y, The equie . aa eee i 
tion of virtual werk js —A.2y° 8 (Qu) 2 Ox=0, | - Pi i 
or 2A)! dys ISN, ‘aw( 1) Pe eg Ht 

But temday, Therefore Jy dvexda bx se. are S nf 
or ' { r Sper2a &x, a 4 . (2) ; t : : e 

Dividing fy by (2), we pel, - & et bi 

, QAneW/2a or Ase He, | seit) = i 
us the vondition for the equilibrium ofthe, rings. The condition | oO Hi 
(3) is independent of the position of P.ie., of Gx y), ‘Hence if . a. 
the-rings rest in any one symmetrical positon, they will rest in all > th 
syinmetrical positions, ". { - s ; — 

Ex. 60. A smooth purubolic wire ix /Tred with its axis vertical - a 
and yertex dowavards, and in itty placed a untformt rodof length 2! 2 
with its ends resting on the wire, Sh av that, for equilibrlum; the rod . = 
is either horizontal, or makes with the horizontal an angle 0 given by 
cos? Gee2ail, 4a being the latus rectum of the parabola, - _ 

[Rohilkhand 89; Lucknow.74; Jiwajl 79; Kanpur 77) . 

Sol. Let AB be the rod of lenuth 2/ whose ends 4 ‘and 2 rest a 
ona smooth parabolia wire whose uxis is | 
vertical und vertex downwards, Referred - 
lo OV and OY asthe vourdiiiate axes,, let’ : 
the cquation of the parabola be xtwday. 

Let the coordinates of the pqint bef | : 

(Zui, at?) and let. .BAH=t, “Then the yy. | a : : 
coordinates of B are —— | 
— (2at—21 cos 8, art i’ sin-t), a 
Since the point 2 ies on the parabolz, therefore : 
(2at+2/ cos 8)?=4u (af? 2/ sin @) me 
or aaa COS 8+ 4/* cos? Pe duey?-l. Bal gin @ - : ro 
or —- Balt cos.G=8al sin U~4/? cos? 8, ' a 
or = f==tan — cos @, | 4 

If's be the height-of the centre of’ gravity © of the rod ubove Oo nd 
the fixed line OY, then 2g : . g 

skG=} (MA+NB]=24 (ar? 4-(art-2/ sin 8] - = 

. . . - : : ; . x. ; : ; ; ' ; . oo = 
IESE sti CERES BIH cE a 
. a 
_ 

= 1 
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’ ogee: oe av Se . 8 li ve ae . . ' . . . ae ee . . “ Hove a eo Rene Or J ; ae oo 7 : Cera Ok aNd we a aioe 
eee Sidr aL ots “7 4 A Ue eee ie 7 = Te 7 : Pa ‘ oe sk a ' . ite oe Sa a eee = “a ' Ne es, or 2 
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, (Fig. 1) 

(i) . The weight ws of the string AP acting vertically down- 

 « Wards through.its centre of gravity, 

Gi()"The'tension Ty'at- the. lowest point A aéting along the 

_. tangent to the curve at 4A which is horizontal, 
And (iit). The tension Tat P acting along the tangent.to the curve 
atP.Jnolined at‘an angle » to the horizontal, 

Since the String AP js-in equilibrium under the action of the 
three forces acting iri the same vertical plane therefore the line of 
action of the weight ws must pass through the point.¢: which fs 
se of.intersection of the lines of action ofthe tensjons T 


~ Resolving the forées acting’on AP horizontally and vertigally, 


we fave |) Boos peTyy Ad) 
and . | T Sin pws, 9 pte) 
Dividing (2y by (1), we’ have a 
rr es 
t => 
a ae ‘ aa é To 1«+(3) 
Now tet - *  Fystwe, (4) 


‘ei, Jet the tension at the lowest point be equal to the weight of 

the length ¢, of the string, théh fromi.(3) we have : 
Sexe tan ys, 

Which Is the intrinsie equation of the common catenary, 


Remark 1. From the. equation (1).it ts clear that the hori. 


zontal component of the tension at every point of the catenary Js 
the samd and is equal to To, the tension at the lowest point, 


(5) 
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vertical component of the fension at any point of the string is 


fqual to the weight of. the .string between-the vertex and.that” 


pojnt, aa 


Remark 3, From the. relation (A) it follows that the tension 


At the lowest point is equal to the wejght.of the string: of length ec. 


34, Cartesian equation of the common catenary, = 2 


(Allahabad 78, 79; Rohilkhand 79, 81, 83, 85, 86; Lucknow 81; 


‘Agra 84, 86; Kanpur 83,86, 87; Meerat.90, 90P]. 


The. intrinsic equation of the common catennry is [see § 3} 
s=ctany, | ie 


where y is the angle which the, tangent: at. any point P of the 


cutenary makes with some horizontal line to-be taken as the axis” 


ofxand sig the arc length of. the catenary measured from the: 


vertex A tothe point P.. Se , 
We know that dy/dx—tan W.. 
“  from(1), we have” 0 “ge ’ 
‘ a ° “ax l Se 
Differentiating both sides with respect to x, we have 
ds Uy a 
. dx dx a : 
dy\8 d?y 
or ee cate ee 
/it+(Z = ae | 3 
4 ay d®y_ dp 
Putting Paes SO that cam ae we get <a 
Vip 
or ’ dx ap | | 
oe ¢ “(VE PY). : 
Integrating, we have a - 
x aa d _ \ 
~-+Acsinh~! (p)= iho Z|, egy 
¢ ‘ ' (?) \ di ‘ R) 2)» 


"where A js the.constant of integration, 


_, Now if we choose the vertical line thraught the lowest point 
A of the catedary as the axis of y,-then at the point 4, we lave 


x=O-and dujde=0. 
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ves ure acting upon it : (i) the reaction of the rod DAf acting | 
petpérnidicular tO-the rod, and (ii) the tension 7 of the chain 
acting tangentially to the chain at 4, For the equilibrium of the 
link at 4 these two’ forces must be equal and opposite and their 
lines of action must: coincide, Therefore the tangent at A to the 


catenary makes an angle with th¢ horizontal or say with the 
directrix OX of the doves 


Thus at A, we have. baw, =¢. 


Also at A, we have SaaS4 sare CAm Al, 


= Using the data Jah tan yi for the point A, we have, 

- sasze tan dy; si=etand, or: cs=t/ cot de 

4 Now the'sag in fo middles EG=OE—OC=y4— 

Bs » = ¢ sec yy {"." vere sec fr} 
iD) : = , 
E (seo S—1) =} cot o (see bal) fl Se 

oad ” . : Sy , 

> | [pag 
= ate Z sin? \d , tage 

2, —s dco mon arog ‘ “ 

E - Ws Tin 42°cos 34 si tan da 


Ex, 20. A ualform heavy chain is fastened at tts extremities to 
- five rigs of equal weight, wiich slide on sniooth rods intersecting in 
a vertical plane, and inclined at the same angle « tothe vertleal, find 
the condition -thab.the tension at ‘the lowes? polut-inay be equal to 
half the weight of-the chain, and in that case, shoiv that the-vertical 
distance ofthe r ngs, from the point of intersection of the rods is 
Teots lop (4:15, 
“where 2! is the length of the chain, ° 


Sol, Let th rods inclined 
ut the’ same angfé. x to the 
vertical Intetsect atthe point 
O'. Since the rods .are - inclined 
at the game angles, rings are 
of the same weight and the 
chain is uniform, : hence in 
equilibrium he pqgsitions of 


the rings will be symmetrical 
; with respect ta. the . vertical line 


through the pojnt’ 0". Leta (Fig. 8) | | 
and 8 be the- positions of the rings in equilibrium, Clearly AB is 


horizontal, Let O'D. be perpendicular from O'.on A8,-O0!% the 
axis: of the catenaty and OX the BEANE Le‘OC=a,. 
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STRINGS IN TWO DIMENSIONS ee | . = 
ae = 
If isthe weight per unit length opine ein: nee weight aa 
=: yy), ; : 
Then according to the question, if the tension. At ythe lowest 
point is equal to half the wejght of ne chain, Le., if Pom ive ped, ; 
we have ca:/, n ca ieee 
For the point. of the catenary, we have s=syearc CAe/, - 
ifthe tangent at 4 is inclined at an angle Yiu to the horizontal, ° t ~ 
then from smetanyw, we have. , . 
} . Same tan thy, : lec tan U4 : . _ 
or hel han i ta Gea] . a. 4 : eat A 
| a oo Oye A 
or! tan get! Waseem, ae | 
Hence the condition. eh ie tension. at the lowest point may 7 
“be equal. to half the weight of the.chain is t at the tangents at . 
the ends. A and 2 of the “Saat will make | ut “angle te to the 
horizontal, ye HO i oe 
Now using the formula Mie log (tan ye ee’), for the'point. : 
A, we have ; . a S) 
Xy= DASE log (lan {rz sec br) = log (14/2), 5 
Hence the vertical distance of the rings from. the ~poins of . hn 
interseption-O' of the rods. 7 sy 
=30'D==DA cot ass! cot z log (14 v2): 7 | a. 
Ex, 21° A.boat is sowed by means of a ro attached 10.2 ship . m4 2 
and: 7 lower end: ofthe rope makes an angle of'BU° to the horizontal. . ; >: 
Tf te length of the rope is: 36 feet, ‘and tie ntpper- ead Is 20feer | i= 
nmi the lowenend, find the’ resistaice uf the water ‘fo the’ = 
notion of the boat, ie welght of cach foot of he rope being t feu 
oices! " 
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24 | STRINGS IN TWO DIMENSIUKS 
But for ucutunury, we have | 
sme sth (x/e). oe | 
ee sinh (Z)=e sinh=! (224) 
. e c [°° were tun wl 
=c¢ sinh™! (tan i). 
7 Wy &4—Ng se. sinhn! (tan Yiade=c sinh! (tan: vip) 
Ps], Wt dy \V 
Ao oe) ae Le mf 
| , : a sinh > sinh~! a let 
c= - substiniting for ¢ from (4), fur tangy from (7) 
, und for tag wo from (3): ; 
9 This gives the required distance of 4 from the vertival 
a through the fixed point A, . 
> Ex, 23,» A-‘length fofa uniform chain has one emul fixed ut a 
5 height h above a rough table, and rests ina vertical plane sof-that 
@ portion of tf lies ina straight line on the table, Prove that tf the 
a. chain ts on the point of slipping, the length of the table is 
i: ay eb palim Cub il) ABE Ind hh, | 
ld : . ‘phere it bs the voufficient of friction... [Rohilkhaind 87, 
£ .* | Sol. Let one end ofauniform chain 48C of length /. be 
ao | fixed at 4 ata height h above the. rough table and let the portion 
= BC of the chain rest on the tabje.. 
ri 
é ny 
= 
7 ; ws 
s 
= } 
A) ‘ 1 
© ! 
ot 9) ’ a 
) 
fr 
i 
a 
5 “ Table 
5 
, 40 2 
“* : _ (Fig. 
Let BC us at t 


‘The chain-rests in limiting equilibrium with the portion 48 
in the form of an are ola catenary with Bas its vertex ig, the 
lowest point, Let us consider the limiting equilibrium of the por- 
tlon BC af the chain lying onthe tables. ; 
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the forces: ack: Os the v portion BC of the chain i are} (i). ity 
Weight w= acting- vertically downwards, (ii) the siormal réaction & . 
of the tuble ucting, perpendicular to the table, (iil) the force. of 
limiting friction’ 7, along the table In the: direction BC whieh is 


opposite to the direction C8 in which the chain BC will begin to. o 
slip, and (iv) the tension 74 in the chain at 23, ' : 
' Bor the equilibrium OF the chain BC, resqlving these forces mo 
horizontally and vertically, we have rr a 
‘Rezw2 ind Ru Tyre, — » a 
= preote wit, ur er saa a BO A , = 
Length of the are AB may al zy: ae bg 
und Ne. ordinute of the POTN vf any: aoe Cried, a ve a. 
“using the formula y! tg for the noint A, we have, . 
Ig? rs Ed A. 4 nn 
a) (chy ac ie(/—2)* : : 
aI _ = = 2/o4-( (= I) Qehtat ; a 2 | | 
or 6 tee Dea) 2 (pte ies | [rary] — 
oa, aie pelt se VLA (Tek pelt) Bed ten ty] | eS 
cece 2, | a = : : 
or saan (d+ + pelt) VU «pelt? = (Emm hy], “43 mot ; 


The plus sign will give 2>/, whieh tS impossible, “Uherelore:; 


neglecting the plus sign, the madired Igrigth = 2 Or Ute vhuin’ gn lhe 
table ts given by - ; 


zn palin Malye (oath, 
aa api) Vv! [(ue ee LY pha. Jul}. _@¢ * | ie 
Ex, 24. One extremity of « maidforme string isattached io ¢ Sixed 
point anid the string’ rests partly ou a. smooth ineliied ulane s prow ~ 
tliat the directrix af the careniry determined bs the portion whitelr igo 


not ti contac with the plane ts ihe Horlzontal line dlrawen through. . 
the extreniulty witch rests on the planes 


If xis the inell aston of the plane, B the tnelination of the tan 
Sent. atthe fixed extrekilty, anil t the - ivhole length of thie. strtirg, 


| 

, 

prove ‘thut the length ‘of .the porilon ir contact with, the. pland ifs a _ 
_ i cosp. ‘; 

vos % CON. (faa) | a 

ol. Let ABC be u string of-lengih / of whiel the portion BC | ; : 


sof the plane inelindd dt un angle to th 


horizontal, Lelthe 


is 
i 


Shee OIE portion BC OP ths striiig be a, Theti: the length oF the ” gate 
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tt wi trom wee log (tan g+see }), we have AP - "from yhcstpect, we ‘have (ne | os - 
a + xam=c log (tan ya+see ba), at | states V+ 80) + 60? ; 5 - 
I | or. “‘23lese log ($+2h)=c log 2='693e. or 120%= (J++ 80)*-+ 60? ae | 
| : 331 1000 | 5 Or (14-80)? 120° 60% = (120— 60) (120+ 68) = 60x 180° | —_ 
' C= 5 E80 6073, 
: Hence-the length of the chain } Or s=—~ 80+ 60+/3, neglecting the negative sign shige Hi | 
= L000... : 
= | Ss asqem de tan pad XK ogre A 5a 500 ft. or = 1+732—80) fm 23°92 ft=23 tte dl in nearly, -. 
% | : EX. 43; A uhloin chain has. its wble:fsed a! Aand B where B | Ex, 44. A kite is flown.with 600 ft, ‘of string , Hs the. ve He on 
o fF 19 20 ft, above the levelof A, and no part of the chain is below A the kite, and @ spring baiance held in hand ony a oy oe oe i . | 
S | At A. the chain is inclined at secm (5/3) to the horizontal, ‘and the weigh? of 100 ft. of the string, . inclined. 4 As of ine 78 - | 
> a tension’ there is equal to the wt, of 00'S, of chaln, Prove that the Find the vertical height aed aan the a ! gra 78 _ ! 
F lerigth of the chain is'23 ft. 11 inch. to the nearest inch. Sol. [Refer figure Ex, 43 on page eer a Gan © ! 
= Sol, Let AB be the iy Let AZ be the string of length 600 ft. with the kite’a . | : 
E wis the weight of one.ft. Jength of the string, their the hand at A 5 
4 chain of length /.feet with m= 100 | | 8 
= i . the end Bat a heieht 20 ft. experiences a pull of 100  /.e., the tension at’ A, ac l00u. | | & 
a ce vee ieee _, Let C be the vertex and OX the directrix.of the’ catenary of a a, 
4 ! sion 74 at the point »f actin which AB is an arc.- If the tangent at A is inglined at.an’ angle - 
g _ hee a Jangent “at A & Ya to the horizontal, then ‘according to thé question g4=30°% = 
3. | jaclined: at an angle . Let 4 and yx be thé ordinates of the points A and & respec- “ — 
mf bacsecm (5/3) 4 to the hori- | tively, ie a | _ . 
; fa zontal, ° From T=tuy, we have Tyswyta, , | ae) 
bs ; sigettg ‘ ee : ane : “ot Po \ ; : pad 
= I, é We have, sec Yi 15/3 ' But ae JA= 100m; Pal ' . 3 ‘Si i & 
5 i .and tan danas (sect TP toot © ee : 100 Was NA or? ¥4=100 Me . a | 
- - re ' (Big, 24) ‘Also, we have ")s=1¢ sec Wa: : a ‘ 
‘ 5 6 i “wy 
i f ‘fw is the weight of one foot length of the chain, then accor- , 100=esec 30° Or ¢= 100 cos 30° 04/3" I. | ; 
a , | ding to the questiong Tye 1N0iw, Ly From -s=c tan i,for the point 4, we have, 7 | 
2 3 » Let C be the vertex and OY the directrix of the Catensry of arc CA=a (say)==c tan bys 504/3itan 30%: $0 ft. : - 4 : 
‘- i Which .42-is an gia sg : | . Now Vacs Varh MN = 1004 MN | ut 
= — Let y4 and By be the seein ates of the point A anid & respec. | and arc Ca=are, CA+arc AB= 504+ 600 22650 fty - ’ 
7 7 2 tively and let arc CAsa feels. ‘ & “from pte sta, cme hav.c | . ; ; y 
From T=svy, we have-Ty sy, a? == 650" +(50V3)? cohea! : ; 4 
But = 100m, of (100. 1° MN) * #2 $0? X (134-43) = SU%y. 172s $0! 2? «43, . : ma 
“MS 1000 or ys 100 feet, 6 100+ MN =e. 1004/(43). , a 4 F H 
| Also we have syste see wy Or - iin 100 [Vv (43) = bie & Reng rd HWegative ah 4 : i 
; C224 COS f= 100.260 feet. . : hae SiBM otherwise ASN js negative BS a: 
I ‘from sere-tan p, for the point A, we have we 55, 7. 0 nearly . ; oO f S he 
Tl are CAHesvese tan tym 60% 4 eu 80, ‘ Bae 48, an A telegraph wire ty made ofa given inatertal, aud such | : : a a 
‘lh NOW . pet Vict MN= 100+ 20 20 ‘ ad length | is stretched between two posts, distant 41 apart and of the 2 
: 3 aad _ are CBssa- ++ l= 380 — Same hetght, as EEO the’ least pusstble Tension, at (he posts. =] 
i a. . . -_ o 
Hh | : | oe. | : 
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56 STRINGS IN TWO DIMENSIONS 


ihe, chain belovi its ends ts nearly" ka/ {6a (f~a)}. 


{Kanpur 14: Luck. 78, 80; Agra 86] 
Sol, [Refer figure of § 8 on page 47] . 
Since-the chain is tightly stretched, the tension at any point 
shall bé the same nearly. ° 


> a the tension in the cHain =: 
. point) 


mT, (tensian at the lowest 


ce We (1), 


foe soe { 
> Here spans 2a and the length of the chain =2/. 
a as tal ofthe. supports, x=a and gee. 
| 
| 
| 
| 
| 


= ¢ ” (x/¢), we have: ! 


é 2A 


q 
a fase sinh © =e cece (:-) apne (2) 


» Very:smatl, 
Me s’e pepleetine higher a of a/e jn (2), we have 


ar fay"). a 


or ——22/—a; or c= 


‘.. from (1). we have Te 


aap 


mE Hence. the tension of the ‘chain. is approximately equal to-the 


-—=S Of the chain. 


weight of 2 le neth 


° At the support, xara... from yee cosh (xe), 
—_ atthe support. yan vyase cosh Cafe). 
' i yy Sag, int the middlesayybcae cosh (ajc) --¢ 
: it fa\?, 1 fa\' 


{ : =¢ whe oe ] oe ye er fe ie } 


~'AWNWed  #l\e ; a 


Ay 


; :; — f=mo¢ (a?/2c7} nearly. neglecting h igher powers of ae 


; . | a? 2) : 


6 v9) 


tv 


ar /{6a (1-* 0). 
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! Since the chain is iny stretched, hence c¢ is large i.e, ale is 
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rium. «Tn this ense the body is said to be in as equillbriuar. 
~ * Case 3, Ifthe centre of gravity Gig at the point, of support 
A, the body will still be in. equilibrium when displaced. {n this 
case We say that she body is ina state of neutral equilibrium, 
Remark. VJt can bé seen that among all the possible. positions 


if, however, the centre ogre of the sphere: is at its geo. 
metric centre O fone spherewifl still be in ‘equilibrium when dis- 
placed. In this case.the equilibrium is neutral, - 


, Ifa right circular cone rests on a horizontal plane with its ~- - oo 
ai base in contagt with the plane and its axis vertical, ‘its ° equilibrium - 


» 


TN er A eA ly 


aD elng Toee te te 


PE id 


of the body; in-the case | the height of the centre of gravity of the ‘Ee is stable, - Bul if-lt rests with its.vertes in contact with the plate - a 
= body. above some. fixed plane is minimum and in the case 2 it js : and its axis yertical, its equilibrium is unstable, ‘Again if it Tests ad 
= maximum, \ are _ ; along a generator, it is in neutral equilibrium: | ae oe RY 
o) § 2, Definitions, [Meerut 77, 90, 90 P] a _ The equilibrium ofa pendulum is stable. when it 1S displaced: = “eS Bi 
= (1) Stable: equillbrium, ‘A body is sald to he in ‘stable equili- a ‘from its vertical position of” equilibrium, for’ it. returns towards’ sige 8 er: fy 
o Aetum if'when shehtly displaced from Ins position of equllibkiten,. the the vertical position, again. Any top heavy thing or a stick: placed... os) i 
=| forces acting an the body tend ty make tt retmrn towar ds its position of vertically on a finger Is.an example of unstable equilibrium.” “nm _ i 
— equiliérium, . . § 3. The W ork Function, Suppose-a material, system [s acted — a i 
i (if) UWnstable equillbrium. | 7he equilibrium of ahody te said upon by a system of forces ¥, Y, 7 parallel to the axes of coordi. sg tae St 
a to he unsta, hie if when slightly displaced from its position of equili : nates. If during a small displdcement whose pfojéctions on-the’ |: a 5 
a “brium, the forees. acting on the body tend to move the: arly further: coordinate gxes are dx, dy, dz (he work done Py these forces is dW’, - eo, , ¢ ~ = | | 
away fron tts position. of equilibrium, _— then [Wins dx-t- dy 4. x dss . ae soot = i 
(Ht) Neutral Equilibrium. 4 body ts said ro be in neutral equi- ‘fi . 2 Ht 
librium if the forces acting on it are such thar they heep the body in i The forces #1. Y. Z generally depend upon the position of ihe : ei 
equilloriuin in any stightly displaced position, nae particle, If we vonfine ourselves to the class of forces} which are 0 eee < i! 
Further examples ‘of stable, unstable and neutral equilibeium, pelt lands a aeons a noe shane oY ey hla | wD iH 
Integrating ther above equation from some ‘standuird position ; & 
Consider thé edse of a henvy sphere resting on,.a hotizontal. “CrnsJ'ge Za) 10 any position (x, Vez). bass _ ° = i 
': plane: Suppose the centre of gravity of the’ sphere. is not at its eee ee aa Mie eatd weve TEE f 


ed (OP Ce yay. 7. di 
es Mae fe) (Ny AX bY dye a 
Such a function.’ is called the work function, tt is work done 
hy the forces in displacing the bady fram standard pos tion to any ’ 
position. 7 


If 174 and |W are the values of the work function|at tivo posi- 


tions A and &, then y-~ tI’, pives the work done by he forces in 
displacing the hody from Alo B, . 


geometri¢ centre O. Jt is obvious that for the equilibrium of the 
Sphere its point cf contact A. 
with the plane, its geometric. 
centre O and its. centre of’ 
gravity must be in the. sane: 
“vertical line. One position 
of equilibrium fs in which 
“thé centre of gravity: GC; ,|s 
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below: the geometric centre. 0), ah this case if the sohere be slightly IPN dye. Y ely be ite 13 oes differential, ihe forces are 4 ; x 
displaced it would tend fo.come back to its orig.nal position of called conservative forces. ; ne i 
equilibrium. This is the position of stable equilibrium. The’ other . + $4, Work function test for the natufe of stability of equill- <8 i 

. ly ; 


“ position! of, equilibritum 4 in Which the’ centre of gravity G2 is above brium. : 3 
‘the geometrid centre 0. \in this case if the sphere, be slightly dis: 
placed it would not come Back’ to its original pasition phase ata 
hut would go “further away fron that position, ‘This is the pasition 


of aastable equilibrium. 
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q , } : 
: ; 6 2 . Stable and Unstable Aqullibrium " 
; fixed horlzontal plane, Express z 98 2 function of some Variable. @: ‘ 
; fe. Jet 2msf(d),- By the Principle of Virtua! Work, for thevequilis ae 
; brium ‘of the body, we must have .* 3 

: — bY? 82==0,: where W/ is the weight’ of the body 

‘ Oe : nok dz 7 : . 4 ; 

H 8 [J = \). —— ‘. : 

| ‘Thus the equilibrium positions of the body. are given by the 

equation dz/dé=0, Soin the position of equilibrium the height 

ily of the centre of gravity of. the body above a’ fixed -level Toust be 

a either maximum or minimum, — | | | 

9 Suppose the equation dz/d¥ =) on solving gives fss«, Bb. ete. 

1 | & as the positions ofvequilibrium,. ' ae 

i|o , To test :the nature ol equilibrium at the Position @=a, We 

| E ind -¥2/ab? for G0, If itis positive, then z is Minimum for P= 5, E. 
WS So-if we give a slight displacement lo,the body, the height of its = 
a centre of Sravity will ‘be raised and then on being se: free the body 
|Z wil] tend to.Comé back: to its: original position of ‘equilibrium, i | 
ifs Therefore in this case: the equilibrium) is stable. : 

: ~ Again if d4z/d62 for @mx is. negat{ 


| { ive, then = is masinrum for 
Ome, So If we give a slight displacement to the body, the helght 
of its centre of gravity will be lowered and then on being set. free 
the force of Brayity will Still displace.the: body further away f-on) 
Its Original position of equilibrium, Therefore ‘in this chse tha 
equilibrium is unstable, _ : ° , 
_ Thus the equilibrium positions: of' the body are given by the eyua- 
tion dz/d0==0,- Uf for a root B cm ey of this éyuarton, d22z/d62 is »ositive, 


then 2 is minimum and the equilibrium ly stable, Bul if for b=, 


d2z/d62 ts negative, then z is maximum and the equilibrium is un. 


stable, 


Af however d22/d§2:20 for §=a, then we consider 27/0) and 
d‘z/d@, Then for the position of equilibrium Goa, we must have 
d'z/d6?=0, and the equilibrium is stable or unstable dccordimy as 
for this position d42/d64 js 


Similar tests apply for the -Other positions of equilibrium 
O==B, y ete, 


: Remark, If z=/(0) represents the 

of the body below some fixed horizon 
for tho stability and-unstablility of 
In this case for equilibrium positio 
for a root dae } 
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depth of the centre Of gravity 
tal plane, then the conditions 
‘the equilibrium are reversed, 
Nn We'must have dz/dé=0.. 


of this equation G22 /d§2 “js Positive, then ¢ j3 
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Over the lower body which fs fixed, 
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Stable and Unstable Equilibrium 7 
ininimum and theequilibrium is unstable: Bur'}f fot @=ra, 'dt3)/ gar 


is negative, ther, th 
however #f22/442.30 for Ge=x,. then we consider higher Differential: 


2 Is maximum. and the equilibriunt Is “stable.- | 
coeficients‘of 2 and conélude sim} atly, . 7 | 


» € 7 Stabttity of a-body resting on a fixed rough surface, 
Theoren. 4 hody rests in dquilibrium upon another fixed body, 


the portions of the two bodies in contact have radli' of clirvalures. py 
and pz respective. [he ‘centre of gravity of the first body is at. - fa. : 
@ height) above b he point of contact anit-the common Horie makes - x oe 22 
an angle « wita the verticals is is required to prove that the equltl..’ — 
brium is stale ar unstable aveording as h << or > i COS. tee ey re 

so a . (Meerut 8f]. 
~ Let U and (; be the eentres’ of curvature of the lower: and 


Upper bedies sn the position 7 ; 
of rest and fy be their point 
of contact. In this’ position 
Of equilibritun (he vommion 
Normal O4,;0) makes an’ 
vugle e with the Vertical OY, 
I" Gy is the centre-of gravity 
of the Upper body, then for 
equilibrium the line ..4;0, 
nmiusi be vertical. ltis given 
that 4; Gycch, : 

Let C,G) = 7 : 
LOCO WO; =B,  ®, 
‘Suppose the-upper body is Slightly 


and 


mx 


displaced by pure rolling 
let dz be the new point. of 
contact, Cty 3 the hew position of O; and’ the point A; of the 
Upper body rolls up to the position 2 sa that OxB |s.the new posi- os 
(ion of the original nurmal,O;A), Als. Gy is the-new position of a, - 
Gy so thut 1230342 O.G, =k, an pe eS to i 

Suppose the common normal at 4; makes angles 0 and 4 with 


We have CyA;=ypi and OA; =p). Also OsAr=p; und OA; =p, 
Since the upper body rolls on the ‘lower body without slipping |. 


the 


therefore arc A;Az==are AB he. p2b= pid, 
1 . : \ 
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_ Sol, A heavy Uniform cube balanves on the 
highest point C.oaf a sphere whose centre is O 


and radius, The length of a side of the cube 
is wr/2, 


IG ts the C.G. of the cube, then for 
equilibrium the line OCG ‘must be vertical, tn 8 
the figure we have shown a cross’ sestion of ‘the: 
bodies by a vertical plane through the point of - 
Contact C, 
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= First we shall show ‘that the equilibrium of 
| the cube is stable: Be 
5) ot ‘ * ' 7 ‘ witke! 
2 Here prssthe radius of curvature of the Upper body at the de 
5 point of contact Caan, , 
.ONd*? — prssthe radius of curvature of the lower body at the point °% Ti 
iC of contact ims,” | if 
= Also freethe height of the centre of gravity @ of the Upper 3 . 
4 body above the point.of contact Crhalf the edge of the cube snr/4, Apt 
S The equillhrium will be stable if a ei 
ne co are Jo j “a 
° = ce ens bee LLLE ities 7 oii Reel ETS ate 
Ss m hh, Py "ps mr] 4 oe 3 .° 
| 4: nel 
t Tr . : Pr f Cc , 7 > j I e 4 4 a tt . . ; é ae 
which is so- because the value of m lies hetween 3 and 4, a 
Hence the equilibrium is Stable. So if the eube is slightly. ee 


‘displaced, it“will tend to“dame back to. its original position pf 
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equilibrium. = -During a swing to the right, the cube will not fal e 
down till the right’ hand corner // of the lowest edge comes in 
contact with the sphere, | if 
' Tf 4 ds the angle through which the cube tirns when, the: right ‘* 
hand corner 4 of the lowest edge comes:in contact with the sphere, i 
. We have , aon OO als 
reshall the edge of the cube =ar/4, a 
so that Domseft,  .- F ee ; ‘ake 
» Similarly the cube canttuen thtough an angle 7/4 to the left a 
Side on theisphere. Hence the total angle through whith the cube 7 
can swing (or Tock) withoutValling is Q.he fe, dm, . : : 4 
EX. 4. A bouly, consisting of a cone anda hemisphere on the a a 
ame hase, rests ona rough horizontal table the hemisphere being tn Br 
contact.with the tahles shay that the. greatest. Kelght of the cone so ‘f 
that. the equilthrium may he stahlé, is 43 tines. the radius Of the x. 
“hemisphere, =,© 4 = {Meerut 81] AE 
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Sol, 4B is the common. base of the ""O 
Hemisphere and the cone and COD is 
their common axis which, must he. ver: 
tical for equillbrium, The: hemisphere 
louches the table aC, ee . 


“Let it be the height OD of the 
Cone and? be: the ridius OA or OC of 
the hemisphere. Let Gy and G} be the 
centres of gravity of the: hemisphere 
and the cone respectively, Then - ‘ 


OGy=3r/8 and OGpmH/4, 0 oo foe, 
If fh be the height-of the ventre of gravity of the combined... «° a 
body composed of the eens ‘antithe cone abbve the point oft” 
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contyet C, fhen using the formuht xox a oe » We Nave eS 
: MWieseipg. 7° 2 a 7 ‘ 
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Here pi-;the radius of curvature atthe point of contact C of. a 
: the upper-body which is spherical =r, a 
and pasithe radius of’ curvature of the lowet body at the. ve 


‘Point.of contget=ao, : 


the equilibrium will be stable it . ee , 
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‘Now # will be maximum, if o’ G is. minimum fe, if O'G j 
“Perpendicular to. AG, or if AAO'G ls right angled. 


22 - a 


Let LOMAG = =,  Then-ftom right angled ane Cy, 
“O'G | 
‘tan Ome ans aH cy ee sin = . 
Le the Monimum: cal of O'G a ; 
=0'A sin Oxi ar (U/s/5)=r]-V/5. | | 
“the maximum value of h=-—the minimum value of O'G 
eee wily >=!) ; 
J/5 V5 . 


Hence the equilibrium will be-stable, 


whatever be the weight 
of the particle at:4, if 
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le, Sf foe): rR hes il. Ble > Sal. 
"+ EX.-12.2°% “thin hemispherical ‘bowl, of radius b anid weight W 
rests in’ Sees on the @ highest polar of a fixed sphere, of radius 
a, which is rough enough to prevent any sliding, Inside ‘the. bowl is 


show that the eyuilibriun 


25 . 
‘Sol, om is‘the centre, @ the: radius add C ) 
the highest point of the fixed sphere. A hemi. — 
‘spherical bowl] of radius d.and weight H rests 
.on the highest point C of this Sphere and ins 
side.the bowl. is placed a. small: Smooth sphere 
of Weight w.. Tha. weight Wofithe bowl acts 
at G, where OG; =i0'C ! | 

First we want to find out the height of the 
C.G, ofthe combined body’-consisting. of the 
hemispherical bow! of weight WW ahd sphere of weight w. above the 
point'of dontact C. -If thé upper bow! be ‘slightly: displaced, the 
small smbdoth sphere placed ‘inside it moves in such a way that the 
line of action of its. weight w always passes, through O', the cetitre 
of the. base -of the bow}.. Hence so far-as the question of the stability 
of the, bow! is concerred. the weight w ofthe small sphere may 
taken to- act at the centre’O’ of the bowl. If ft be the height of the 
centre of gravity: G of the combined body ‘(Ke.,. ‘hemispherical shell 
“ofiweight Wand ‘sphere ‘of welght Ww)‘ above ‘the point of contact 
C, then 
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! Honee the mee of this Silipse with Casoriginand CH Sol. Let S be a focus and £1 a 
, US WeHXIS fs ee — +h. Pe mp |, b¢ the correspQnding directrix of the the 
| ei . ea . ms - ellipse. Referred to Sas poleand _ Oa, 
| Snimieent a sin? ii mer ta ws the perpendiculur SD from  the-focus ae 
uifting the origin to the point G (cl, 0), it becomes id the directrix as the initial line, the . _ : i 
| (vd)? sin?.q-+ prec? tan? 2, 7 a l a : B. 
! . pblar equation of the ellipseis . it 
Te Changing to polar coordinates, it te ri=lspe cos 6. . ei): | ; i 
1B (1 cos Bid)? sin? 47? shi? Desc? tan? me Lot dB be the beam and @ its ee i 
| where G is the et and a js the initial line so that for tlie. point sf. pri t 
9 Pp, GP ms Land ZPGH a: | middle point je, its’ centre o gra | | ; 
ae oP an : vity, ‘Let z be the peight of G, ubove a 3 : 
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EX 16. A smooth ilpse i$ iNeed i ith US caXis vertical and a“ \ n\ Problems based Upou Zales < ; | ! mo a 
it ty pluced w bear with its ends resting on the are of the ellinse; if ie 2 i : | ha 
the length of the beam be not.less than the fatits reetun of the ellipse, PUAR. 17. A uniform bean of length 2a rests with tts ends on fso F _ P 
show thae wheacit is in stable equilib: fiat, dt will pass through dre smooth planes ulhich intersect ina horfzontal line, /f the inclinettons 3) 
foci, | of the pianes-to the fiorizuntal are 2 and fi (% = B), show that the: \ | A, 
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- rod rasts agalnst-a smooth vers. 
cal wall and the rod rests. ona 
smooth peg ‘C whose distance 
from the wall {3 say-b i e,, CD'ah, 
Suppose the rod makes an F 
Angle 9 with the wall. ‘fhe centre 
of gravity of the- rod is at its O 
middie point,G. Lets he the 
height of G above: the flxed pep 
. e., GAfzar, We shall express 4 
ein terms of & We have 
Pan OM= Deol fhe A D 
=AG cos VCD cot 
. i Oh cot . , 
. an. 08 Oz =e sin ) 2 
and — d@s/d§tis ~@ cos: oo Cot fi, 
For equilitsrium ofthe rod, 


se - oo ra ee fy éosec? f} =) 
1 Sin'Gm/h cosec cP fe) sin? Oss 
or a co pian, = a As i 
s gives the ‘position oF equillbriunt tu 
Again 2] c10? sxx =~ (12 COS a 2h coséc2 pace 


mm — negative for all acute Values of 8, 
Thus d22/dg? i$ negative in the: ‘posi 
- 18 maximums Hence the equilibrium: js unstable: . 


Ex. 203 4 heap in Yorm rod, length 2a 
Partly without a fixed smooth hemispher 
nf the ‘bow! is hovizontal, anid ane 


the riny if be the in 
2r cos 20m a cos 0, 


Show also phat the ¢ quilibri) | 
; jun of the rod is stable, 
Sol. Let 42 he the rod af on 


atG. A point Cof jts: ‘enath 1S. 
In contnet With the rint of ‘the 
howl. of radius rand centre 0; 
The rod ts in equilibritm 
under the action of three forces. 
The reaction R ofthe baw! at aA 
‘is along’ the normal AO and the 
réaction S of the rind at Cis , 


Perpendicular .t% the tod.: Let 
there reactions. meet fir pniat 
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we have dz/df=0 > . 


length 20 with its centre‘o 


Stable and Unstable Eautlihpiun 
Sol. ‘Let 4B hea uniform rod of length 2a, The end 4 of the 


(Jay's, 


tlon of equilibrium and.soz 


Mess partly within’ and 
eal bowl of radius r, the rin 
potate of the rad is tn contact with 
clination, of. the rod. to the horizon, show-. 


f gravity 
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SHible and Crestable Equilibria a 2 A] 


D. Since the line AOD passes ‘through the centre O° ‘of the bow!) 
and 4.4CD is a tight angle, therefore’ AOD is a diameter of the 
sphere of which the bowl js apart. -? 

The third farce.on the‘rod. Is Its weight i? ving: vertically 
downwards through its middie point C. Singe the three forces mist 
be-concurrent, therefore the Jine DG is vertical. eo : 

Suppose the Jine DG meets the § surface of the bowl at the point 
Fh. Join AE; then AF is horizontat because LAEND=90", heing the 
angle in a sqrii- “circle, 

We have .BA pans = LAC 0; 


om OAC, 
00 £ZDAE= =90. " 


AF is parallel 19.00) 


- [s2OC), ; 


th Onl 


Suppose z is the depth of. ae centre of gravity G of the tod § <2 sr 


below the fixed horizontal line OC, Then 

, ge liG=eWE—CAs ON~-GE 7 ye 
"= OA sin 20--AG sin Q@wrsin 22—asin a 
Oo d2/ dds = 2) cos 286—a' cos @, 

For, the equilibrium of the rod, we must have dz/dA=( 
2r cos 20—a vos M=0 ie., 2 COS Wana vos 0, ot a 
This gives the position of equill hriunvol the rod, ; 
Again A22 flO? wi — 4p sin 204-4 sin ae 

.5"¢ ease 2 ‘a ' 

= 5 Be et ais | negative hedge DESC. vy 
“This the depth = c.ofthe C.G, of the rod below a txed horie 

zontal a is maximum, Hence the equilibrium is stable.’ 

Ex, One end A ofa uniform rod AL Of we felt Wand length: 
tis coe hinged: ata fixed point, while. B is ted Yo light string: 
Bich passes, over a sniall smoot pulley at @. distance a yertieally 
above A and carries a wetght' Wa. iy lave! show that the system 
is in stable eauilibriun when AB iv. vertically upwards, and that there 
iv also @ confteuration of equilibrium in wine the rod is at a. certain 
anete fo the vertical,’ 

Sol. Let-.48 be the rod of length hinged at the fixed point 
A, The weight Hof the rod acts through its 
middie point -G. Letf be the length of the 
string RCD which is attuched-to Zand phsses 
over a smooth pulley atC, AC. being vertical 
and equalte a. The string carries a weight H'74 
utils other end D, Let a 
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Pe ar 


Co (oy 
From A BAC, 
BC = 4/(A BRAC? 24 Bid Catos 0) 
a laa -a?—~ 21a cos 0), * 
“the length of thé portion cD oF the 
string. hanging vertically 
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| . equillbrium\ss oo by cos? Breall, and that, Uf these nostilans exist 
| they are stable, 


Show ‘also that the positions in which the rod .is horizontal are 
stable or unstable according: as the rod is below oF above the focus, 
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| Sol. Let AB be the rod of length 2/, - 


that the equation of we parabola be 


= written as 
7 (xt day, 
2 Let the coordinates of the point 4 be 
= | (24t,at?} and Iet the rod A. make an 
Ph) augle 6 with the horizontal AC, Then the: 
5 coordinates of B are (2at+-2/ cos @, df2#~2} sin 6). Since B lies on 
= the parabola xt=4ay, therefore 
a : © (2af-+-2/ cos'6)2=4a (at4+-2/ sin By 
= or ae ‘Batl cos 0+ 4/2 cos? B= Bal sin 6 cae 
. or —— (2a/ cos 8) f==2al sin §—/2 cos? 6 2 
OF | =tan §— (1/20) cos @ we (l) 


The centre of gravity. of the-rod AB is-at its middle ‘paint G, 
If z be the height of G above the fixed horizontal line OX, then 
z=GH=} (AM-+-BN). 
= 4 (Al*-+(at?-+-2] sin &))=al2+/ sin A 
a {tan 86—(1/2a) cos 0}2-+-/ ‘sin & ; . [from ()) 
=(/2/4ay cos? 8-+a tan? 8==(1/4a) [/2 cos? f+4a? tant.9}. 
- de/d0.= (1/4a) [—2/? cos @ sin 6-+8a2 tan 6'sec? 8) 
‘=3(1/2a) sin 0 [—~/2, cos O-}-4a? sec? 6), 
For the equilibrium of the rod, we must have d2/d0=0 
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ie, (1/2a) sin @ (12 cos 6440? sec? 6)=0, 
. either-sin G=0 Wey 0==0, which gives the horizontal 
! @ 
jf position of rest of the rod 
or —/* cos 64-4a? sec? P= 0 Jie, 12 cos 0 4a2/cos} 8 
i.@,, cost Gx dat]? f,e,, dos? Bes 2a/l, which gives the inclined 


position of rest of the rod. 
Now, d2z/dé?_ -(0 22)’ cos 6 eae cos 84-4a? sec! 6] 
+-(1/2a) sin Q (/2 sin 04-1302 sec? 8 tan gj. 
When cos? @=2a// i.e., when’ = /2 cos 6 +-4a2 sec! @=z0, 


ee 


we have 
G42 /d02—=(1/2a) sin 0 {22 sin @-4-12a2 sec} @ tan ey, 
% = (1/24) sin? @-(/2-L 12a? sect 6}, which is >'0, 
ter rts ephessieemce TON ETS SETH 
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Flence in-the inclined position of rest of the :rod, 
mum and so the equilibrium.is stable, 
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>! 3% 


oe Again when the rod is horizontal Les, G220;, we haves from’ (2) * 
By ; are _ 8a? —2/? 4a!" Tx - 
ane de 4g "2a A 


d?z/d# is positive or negative 


: Ae according as 4q?—/? >ore< 0 ae 
Ress he., accordi: gas2d>or<c! 
SGT ie, according as 2/ < or > das 
ae ie he, actording as the rod: iy below. ‘or above the focus. -. 
(i iat Ex..24, A wniform smooth rod pa sses through a ring.at the. 
Ase fe focus ofa fixed parabola whose axis is vertical and vertex below the 
bes 


is 


focus, and rests with one end-on' the parabola, Prove that the rod 
will be tn equilibrinm if it makes with the vertical an angle 8 given by 
the equation a ' 
cost Mberal2e « 


‘aye ‘ 


where 4a is the ‘Tatus rectum and: 2¢ “i length of the rod. Invéstigate. °. 
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Hae also the stahility of equilibrium Ia this posttion.' 
ER Sol. Let the equation of the para- 
mi ioa | hola be :4ax, 

Let AB be the rod oflength, 40 with 


its end A on the parahola and passing 
through.a ring at the focus §, 
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, Let tne 

e courdinates of A he (ali, 2ar) pthe co- 

2 ordinates of the facus .Sare (a, 0). If 

ee the rod AB maxes An angle @ with the ° 

piles vertical OW, then ° : 

Sf tan =the gradient of the line AD 

eee 20 fA _ 

ae cy eT eee a 
ees .  2tan4@ 2(—1) ae . 

E a ‘ . aan fe SER or tan denn 
‘iE Let ¢ be the height of the centre‘of gravity Gof the rod AB . 
is ‘above the fixed hqrizontal line YOY. Then , 
pes z= 0M +HG=OM+AG Gos 0 
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= 7 tan? tAbe cos tp ‘ 
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c ro a ; quil ‘aes: Stable and Unstable Equilibrtum ' <) =e 2 = 
, SE SIN G+ de Sin’ (90°26) =d sin 04-40 cos 29, BEAR | 


ad 
thet 
witet 
Aves 
- tod 


Sears 
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CR 

Saat eae 

ey TD or 
yes a 


“ dzldd=d cos @—~e sin.26, 4 
For equilibsium, © | | a 
| , d2/dbe=0 ie, d dos Ome sin 2x0 
es. d O38 0—~2¢ sin §-cos Os=() f@., COS! 0 (d-~2¢ sin 4)=0. E 


, d?z/a9* is negative when’sin @=d/2e and $02 ig maximum . 23 ap 
for the inclined positions .of equilibrium, ‘Hence the inclined posles ot, 
tions of equilibrium are unstable: ; 6, 1 
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“+ COS O20 fe, Gen ber. 
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Maps: brium i¢., the -symmetrival position ofeqlilibrium. - Fot this pasis. . ~.s 
or d—2¢ sin O=0 i.e,, sin O==d/2e ie., W==sin~! (d/20), aan ae tion of equilibrium, d2z/d6?= 20-7 ‘which is <<0, because 2c < d: oe ab 
7 10 the position of equilibrium given “by @=d7, the diagonal ate «= Kenee.z is maximus, and’the equilibrium: {fs unstable, =. oe a 
3 AC : ge and the square Tests symmetrically on the pegs. ia Ex. 27. A uniform square: board. of ‘mass-M ‘ts, supported in’a, ” _ ve? | ‘ ! 
sn ihe position of: equilibrium given by d==sin-!(d/2c), if vast: §=— vertical plane on hyo Smooth pegs on tle same’ hortzontal. level’ The gn 
dj2c<1, the diagonal AC fs not “vertical: ae f ! ” . 


lag 2 8 but is inclined at some 
angle to the vertical, So it 8iyes inclined position of equilibrium.. 
But we know that... gin deasin (7— 9) | 


“Hence we shall have two inglined Positions of equilibrium given by 


Ls) 
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i} 
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ees 


etal all ae it apt me, 


Hate! distance berbeen the pegs is a.and -the diagonal of the sa :-< _& & 
suas. “Where D > 4a, {fone diagonal is vertical and a mass in \is attached” 8 4 
. ae i to its lower end, prove that the equillbrium, ts stable, If . |: — 7 soos 
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“ ‘ peor (a2 a ; ' piles % 4am>M; (D— 4a), ‘ "om | : : 
ps ‘ge cln” (d/2c) and Azam—sin=! (d/2e), = ’ Bees Sol. “ABCD. is a square, ’". ties . * f 
z ene igptined Position of equilibrium is possi ble-Oaly when SESE : ; 
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eX 


%, 


a < [sin @<l for inclined o8ition 
we, when adx2e he, When CSihd f.e., When eh. (2d) : | 
| he, when ‘the: distance: ‘between the “pegs>} ‘(length - of the 

a 7 diagonal), - 
quilibsium (.e:, the sym- 
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: Thus there is only. one position of e 
| metrical position): unless the distance between . the’ pegs is: greater 
than one-quarter of the diagonal of the -square,.’ Aso if 2e>d, 
there are three positions - of 


To determine the pati of equilibrium wheo 2e>d, 


= ashe 


“uiiaes board resting, on’ the pegs ‘£ . ' = — oO gee oe a : | ; 
“Alsat:  aod-/which are’ in the sam 7 ) as | ee. . 
Ewen". —_horizontat line, D | | 3 
ea, We have i et : ae 2 
(eee EF =a and’ ACD... oe. oe 
Bean i The mass Miof the lamina _ £ 7 ne 


Bae AC aud there i @ mass a or 
as attached at 4, Suppose: ‘the ' .  , fa K 


a _ diagonal AC inakes an‘angle @ With the horizontal 4H, .| Then " c 3 
We have, Cae a. Eda hie et 7 e | . 
| d?z/d0e 1 sin 8-26 cos 29 UN LEAR =O~ 45d A EEAL Se, 
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emdsin Fe (1-2 Sin? 6)ex-d sin §—2o4L4v gin? 9, 

For the.symmetrica} position of equilibrium Q== her, 

:, dr /dG?m —d—2¢-K Ao 20—d>0, because 2e>d, 

| “+ Q4z/d is positive. when Gate and soz is. minimum for 

a symmetrical ‘position of. equilibrium given by 
For the inclined 

we have: | 
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The height of G (i.e, the point where Af acts) aboye EF a 

me ON=GM=~NM=GM—~EK=:AG sin 0~AE sin (86-45%) | hs 

== 4D sin 0— EF dos (9—45°) sin (0-459), : 

ee = 4D sinO~La sin 2 45°) = 4D sin 6—4a sin (20-9) 

lag Wise LD sin b+ jalsin.(90°—= 28)==4Dsin 6+ 44 cos 28, 

ass Bi __ Also the depth ofA (ies, the point where m acts) below EF 
ps EK AE Sin (8--45*)= EF 005 (9~ 45°) sin (6—45*) 


fea. te i 


“Ae asda sin (28—90f) = da cos 26," 
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: Stable and Unstable Equilibrium : Stable and Unstable Equilibriurs re, A}: . = ! 
If hh’ .3¢cosec A, then the Bes a A kk 
equation. sin @=//(3c cosec 4 pol oa ; ; 2h sin fA cos 34 ! er. i 
a gives no rea} Value of @or, the value of 6 mee itis ne SiR > sin bd = mid } => lh > te oe | oy : ‘ 
equal to . te ‘ sy Fa 
ae on je eee salt ts symmetrical position of ‘equili- BEB Thus for inclined positions pf equilibrium, wWe-must have — fa | 2 if 
' a 1 ' Ad 
ON s P of equilibrium, cape | ¢ sec tA < h < 3¢ cosec A. : i 

ature ofe uilldrin ; ARR. : ‘ 

a Ye ‘ its Ex, 28. (b) An lsosceles triangular lamina uf. an angle 2a and | :. Se } 
es From (2), Re —h sin g-—2 cos 28. RG height h rests between tivo smooth pegs at tle same level, distant 2¢ 
B . ts _ un A. 13), be apart; prove that if a, | 

“ Z ' a =i 9 span ' e - \ 
o| Fo: Oaatr, | ap ah sin A (—A+3e cosec A), ; 4 oan | 3¢ SUC aehe6e cusec 2a, mi .* ' . - i. 
a which js posi tive of negative according’ a ag a tne obfique positions of equilibrium exist; which are unstable. Diseuss ‘ | is . 
> . h<eor> 3c eine p aa tte stability of the vertical position, Som a . z. i 
s Thus’ for 0e=4n, zis mininium or. maximum according se Re at Sol, : ae us in Ex, 28 (ay. Jas poriprele question «has ' .  - 
a aa * hy, s. Or > 3¢ cosec A... “AgaTe -beén solved there, - ‘ _ 4 : : 
ay Hence’ for 0 , el rae go 2 ee . 
c= irs ae ere is stable’6r unstable according as | + Be “Ux, 29 (a). A shivoth solid right cireilar cone, af height h; aie 6 § 
For @=4n, diztd6t = ; r s 4 cosec A, + et zh vertical angle 2a, is at rest switl its ants vertical tn achor izontat Cpe : is | co 
2 re ett ae a _ pit ead cosee 4A, In this Case we Tate cular hole of radius a: Show that f.loas3h sin 2%, the qqullibrtiin & 
= to Ried: te 
= tive, So in ia: ; ss 2/46 6c cosec A, which is pega: 3 i i is stable, and there are two other positions of unstable equilibeluns” 2 i 
= Thus thes aheanvarst is ee. and the cquilibrium is unstable, | Me oe and that if (6a<3h siti 20, the equilibrium is unstable, -and te poste. . a 5 i 
Q according : poehce dD equilibrium is stuble or ‘unstable x ie © ittun im which the axis ts vertical ts the onl postition of eee 7 _— | 
e e , Woe | ' a! 
E Lot Mor > 3¢ cosec vs an - ; eo | Sol.. ABC is 4 solid’ iat circular cone: whose height AD isto 8! e & 
Z Now we ae r the inclined positions of equilibrium, con ones jand. vertical angle BAC is 2a, It rests in a horizontal uy cular hole = 
& (2ywecan write. . . aa | ee ?0 of radius a,'so that PQm 24, | We hava | ~~ = : 
S| diz 2 ME ‘Das ‘ 
bt 8 sin Gin a | ¥et(4) . | meee The ee of the cone acts al its ceitre ‘of gravity G, where : it. 
iD ‘ ' ay: ty" ; : “ r 
= Foi the inclined positions of équilibeium, sin Ga =(h sin A}/3c, | aes. AG=3AD=th, 
e ' Putting sino Dax(h sin Aj[3¢ | in 4), we ‘pet < SAAS , - 
& diz: 2] aie | : aaptieasi: _ suppose AD makes an angle? +: eed 
= ze 2hhsinadAs j 201 4e ft sin? 4. ' RG ; 
S a0 3° ae: Ata nA rw a . ee with the horizontal 4H,so that . 4 . 
22 26 2 ae We, ee ae - : 
airy sin Aa a oe ‘Sin A (h?—9¢? cosec? A), 3 Let z be the height of @ above.the ‘ i 
-which is negative since for inclined positions of equilibrium = ieee ie Pe. a ee - 
/ Bi science ee , 
Sri ore A: i =AG sin 6—AP sin (@—~a) 
Thus for the inclined positions Of equilibrium, 2 is maximum . me mies AP sin (O--a). ws€l) , _ we ; ' 
and so they are’positions of: unstable equilibrium. - Since 2Q: i$ parallel to AM, there. s, ; _ 
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46 Stable.and Unstable Equilibrium ' Stable anel Unstable Built tun 7: 47 “ - Bs Ze 
i ) ' Pee ie ; . . . «& 
: Sol. ABCD js.a rectan usar ra either cos 'O=20 Ves, pas Jn" my . = 
i ‘picture yore hangs by meang of ‘or sin 6 we OB aa Gib ([t me"). 0 (lt? Ei “ . 
a string of length’ / passing. ovat 2 (a? — 22) 2 (SP ak Um cay} c? ve sf2): ty 
‘the peg P, the ends of the string after substituting the. values ofe and-8, : - 
7 _ being attached to. two points S| | Here, f=: ‘hm gives the ‘pos sitton of equilibrium, ' symmetrical a ; 
and S” symmetrically s jituated in } about the peg P, ‘in. which the sides AB and CD off-the pidure.. | . , 
the upper edge AD’ of the’ picture | hang vertically. ‘o- : ks 
| i such that SS’=c. .1f O is the | There is no inclined position of equilibrium if the | valu: of ' st 
a middie point of AD, then-O is: | sin @ given by (2).is > hy ; er. 
ae also. the middle point” of SS’ be- hey if  a(F—c2) 3 0?) he, if aim gich > cA ia 7 Bee 
i) 6 cause S and S’ are’ symmetrically beat all c? (c2 al) ine Wal ov/(at-ter), , So 
; | situated in AD, Therefore . Thus if all> ef (arp c?) there'is no -position. of equilibrium, so -: 
: ; OS==OS'=}e. _in whieh a sidé of the picture is inclined} tor the. horizon, In this us 3 aa 
. If G be he centre of gravity of ‘the picture, then OG=}a; as a symenttrica panes et eas ane position of squllt- _ | 
f height CD of the’ ‘picture’ is ae to - sf | nf | But if the value of sin B given By (2) is cK I °° ge | Et 
aE We haven,” SP + St P == vial) Ree he., anf/(PPmc2) x 62, or alieS ex/(a?-c?), "7p oe 3 5 
aie From the, gation (1), it is ee that P lies, on an.-ellipse He then (2) gives ‘real values ofa, Sirtce- sin @=ssin (7-8), ihoretoee : Z 
9 whose foci are S and S’ and the length say 2a, of whose major 4 ae. whea al < cs/(a?-+¢2), we have two; Inclined positions of equili- " e 
s axis Is /, so that a= 4/, a britim given by (2). In these positions the. side CD. may be. inelinéd” a | 
B We have OS=zae, where e is the ccoantuieiey ofthe ellipse. f a, towards either side of the vertical. In this case there are fi, all. 7 } J ! 
. i, . weade, ARS. three ‘positions of equilibrium, one symmetrical, given by -é=a4a, : 3 
fa , On ded \ : 
g If 8 be the semi major axis of the ellipse, then i i and oe lee are 1 elt given by (2), . “ Be 
dent PQ? M2 cleeh ([2meg2 a bacag2), “at: , £ PosillonsS o]-equ rium, ; 7 a 
P B dc? ==} (/2— 02), so that B= 4 /(/?~c2) a eiava | | 7 . e 
: The centre of the ellipse | isthe middle point O of SS’, Take ak d?u]d§2 =’ (B2—22) (cos? §— sin? O)~—aB sind | - 
= O as origin, OS as'x-axis and a line perpendiculdr to OS through — , - =22(B2—~af) (1-2.sin? 6)—af sin 8, ek) 
Bs ‘2aS yeaxis, Then the coordinates,of G are (0, —}a). Let the co-: For the Seniesa Position of equilibrium given hy @ra4n, 
2 ordinates of P be (« cos 9, B sin 6). d2y pe , ; 
r- ' Since the line’*PG is vertical, therefore ifz be the depth of G aS age —2 (Fat) — af: , os : 
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26. Digitat Cireutts'and Design —_ ; Muimber System ond Cades, 27. 
ig ‘Converting the above, sur into its.BeD Code, we have. a ; oo 
: Fe Be TPF ct Sip te 4 ; 
" See. 22, ON: Se ae 
= BCD 1001-0111 Ojo { fi, 
rae Hence, the Excess ; tof 
batt 14 ts 3 code.and 9's-Cofiplement representations fo) re | 
+.) decimal digits, Note that both codes tse.only 10 oF the 16 péssible 4abit code groups. Le 
The Oxcess-3. code, however; does not use the same code: Groups, Its invalid code 
. BFOups are 0000, 0001, 0010, 1101, 1110, and qt, oe a : ; 
a on : Table 1d Bxcéss-3 cades rete - ae ‘ ¢- “eee 
i a yr ey . — at epee r% Conversion of a binary number to gray code’ A binary number can becon- 3 
L_Declmal 7] 8421(BED) 9's complement verted to Its. Gray code when ° | 
. 4° 0006 (i) . the first bit (MSB)-of the Gray code is the saine asthe first bit of the dindry . &-P | 
_ _ Aumber; - Par eee | , q 
(li) the sécond bit of the Gray code equals the exclusive. R, Of the first and .- : 
7 "second bits of the binary number, {.e.(t wil} be | ifthese binary code bits are, 
, . | "different and-o if they'are the same: , : _ | 
: (ill) the third Gray code bit equals the exelusive-OR ofthe second and third bits : 
of the binary number, and so on. P ’ a 
Exumple 1.26- Conver (10110]}o to Gray code, ; ‘ | 
Solutlon 
* odes, in-which only one bit in the Step 1 The first bit MSB of the Gray code is the same as the fitst bit of the binary ! 
the'next, The Orn number } . 
' metit-on' must, ee ; 
. + analsask ) | ff 9.1 LO Binary | ; 
a ‘Special pro; by orily ond bit, 4 ; a |" 
‘ = auete ; , oh we. | ge oriys - | ’ - i 
re sentation for the decimnal numbers:0 to 15, Step 2 Add the first bit of the binary CIB tO the second bit of the binary, The uddj.. ys h 
pee =. Be ee a a: ; ar tion of | and Ols }, The result [sche Second bit of the Gray code, Sg ee : 4 
eee ee, 1415 Ory code CMO} 1 1.0 wihary ; 
a Dechpal bo ean : a 
7 numbers | l 1. Gray fa rR 
| Step3 Add the:sécond bit to the third hit ! of the binary, 2 ; 
: Ss 110° 8 Tt 0 Binary ; 
a . a - ry | ye: Gray - : 
7 | : 7 | . Sten 4 Add the third bit | to the fourth bit { and omit the Cait'y: The exclusive Ol k 7 
_ 2 ' Addition of | and (8. This is-the fourth.bit of the Gray code, A 3 
. . ; ya ow ae ws 4 . f i; 
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"30; ‘Digital Ctreutis and Design ‘ aa Ms a : * Number System and Codes 3] i 
. i. : a oe = ; Be 
MESSE to maké the total umber of 1s either-odd or-even, resulting in two methods, . be Components in Which they'differ. Assumirig that dy .1s determined for each Pair of 
ty. Wie. (). ven-parliy method end (1) Odd-parity method, In the en-parity method, q code words: the minimurtValieof thé a, can be called.the Hamming distance, a } 
the? totat humber of Js jn the code Broup-(including the parity bit) muse be an even 4 For linear block codes, mintmum welght is‘equal to minimum distance. ; i 
number, Similarly, In the odd-parity thethod: the total number of fy (including the i For example, aa | | 
. et / ; . : ean ‘ ‘ ' ; ‘ st 
"parity bit):-must be an odd number. The parity bit'can be placed at either eng of the i : Crs £009 Ld. ' 
; code word, such that‘the-recelver should-be able (0 understand the Parity bit and the ef . —o | pe | ' ‘ i! 
actual data, Table 1,6 shows a message Of three ‘bits and its corresponding even and : _ C= 00019 1] _ : 
odd parity bits, Hoy ee oe 3 | oes ~ | i 
“i ok _— Table 1.6 Parity-bt Beneration “ Here, these code Words differ, iy the‘lefimost bit Position and in the fourth aad i 
ey hlogsage ., Evenaparity code” ‘Oddeparity code bP fifth on positions ‘from, the len. Accordingly, dy = oy _ 2 . i 
"S of “ope Kye pot _ O2 p . RS . Been delved? #7095H of s9de distances, he ftowing iniponait poner : ia 
| a : : 7 «fe have been derived: i at es ss } : ; 
4 Be ea Ci) A minimum distance of nt least two js required for single. error detection, = 
E ay (ii) ‘Since tHe number oferrors, & S((Sprin ~1)/2),-aminiguin distance of th ree 5 i 
Z | |S s.required fot single error correction; . ~ ; : et 
5 ; aan OH), Createt distances wlll vide déweetlon-and/oy correction of more number j = 
>= Ne ' .Oferrors, | pe eee: oe eer : 
ry - ca 7 "THe 7-bit Hamming (7, 4).code word hy by by hy hsvhg ‘hy assoclated With a 4-bit” = 
a , a'stigle error otcurs; ft fansforms the valid code'into an invalid one, This helps TR inary nue -) by by & Js: | | =f 
te ‘In the detectlon ofsingls bit.errors,. Though ‘the parity code. Is meant for Single error fee ; . - bebe @ b @ky hy =b , ca «6D OE 
: see ae eo ab i en fy S95 adie 3 =. 03 O, b. 
~ detectlan; it Can detect any Odd. huniber of errors, However, tn both the cases, the Re Vg @he h m it 
Anca RN Ab Aart ae Be . 2=93OH OH bya ; , = F 
original code word can hot be found, ifan.cven number of errors Occur, then the parity if i So ee re | . = 
"Cheek ts satisfled, glving an erroneous result, i | 7. + Mg by BBO by ‘hg = b _ = 
es Check surns The parity method can detect Only a single'error within a word and Ny 3 
NOt.ddubse error  Sinee the dout rf wil) n 


2 
2 Ris 
a % 3 
5 ors.. Since th ey te. ee MOE changé the parity of the bits, the He where © denotes the Exélusive-OR operation, Note that bits Aj, fy and /; are eve | 
= ef - parity checker wi]! nov-indicate ahy error, Tie check sumimethod Is used to detect ie arity bits for the bit Fel ds"bs bo bo Be ae. ly Mg ial i 
i "+ = double'strors ang Pinpoint crronesus bits, The working of thls, method {5 explained in {E P Ba 723.2%, 23 Hd ANG 02 & by, respectively, In general, the. ky 
& he follow! Ito | ee gan 2 Re Party bits (A, A, A,, Ais su) are Idcated in the-positlons Corresponding to ascending iy 
c a the fo athe ines, . $C Re Powers of two (Hey 2% 24, 22, 23, sons OR 1, 2,4, 8, 0.). _ ie 
s _: Intdally word.4 10110) IT Is transmitted; next the word B.00100010 is transmitted, | The A. parity bif hac wy: Of its bina ‘aii i 
Ey in’ the ty asa Obidined | noes vr iat Parity bithas 4 1 in the LSB of its binary representation, Therefore’ - ane 
oe ' The binary digits in’ the two words are added and the sum obtained IS retained in the checks all bit Positions, including it, that have 1’ in the sain location (ie, LSB) fe 
o ‘Tansmider, Then, a word C is Wransmitted and added to the previous suin arid the,new the binary representation (Le Ai,A;,.Agand A,). Fhe. bInary representation of j lias 7 i 
= sym is retalned, In the Simentanner, each word ls added’ to thé previous sun; after & | T in the middle bit. Therefore, :it checkin bit positions, Including dt, that have I's" , ! 
5 Tansinission ofall the words Hie final sum called the check sum is also fransinitted, The ae the same location (ie., middle bit) in ‘the Binary F ton (3 h ig , i 
S) » Sane operation js donaat thé’ reeciving end.and the final'sunt Obtained here js checked = - aF ‘ OL ap cepresentation (ie, yA ond 
a) {ao Operation is, Rah eed a banal dtccta he ' The binary representation of A, hasa lin the MSB, Therefore, it checks all & 
AB Pnot the-t eens i hace sun Te-the.two are equal, then there ig DOISHEOE, i tions, including it, that have-!'s tn the same location ({.e,, MSB) inthe Binary repre. | . 
: 1.9:4 Error Correcting Codes , 4 as sentation (i.e., Ay hy Apandh,) | i , ; 
oe = oe Bila ae ‘To decode a ‘Hamming code, one Must ‘check: for odd parlty-over the bit fields in = 
ot ‘Hamming code Ry, Hamming.developed Reet that provides a methodical : which even parity was previously established, For *xample, a'single bit error Is indi. ? 2 
“Way lo adU one or more, parity bits to a data charticter In Order:to detect and correct og cated bypa non-zero parity sien ieee am mor 3 
errors, The -Mamiming distange'between' two Code words 13 defined as the numberof * i vo 4 o | 9 
bits changed from one code word to another, js | fs : 1 hy BAY® he ®hy = 
oo '* Consider C, end C, to be any ho code words In a patticular block cade, The : co I hy ® hy ® hy @ilpy > 
/ " “Ramming stance dy between the (Wo vectors Cand C, is defindd by the Number of ig C4 hy ® hs © he @ hy i ; S 
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